
 شكر وتقدير

 خبنقٙ ٔساصقٙ ٔٔنٙ َعًزٙ ، ٔٔفق ٔٚغش، ٔأعطٗ ٔأَعى،ثذاٚخ أشكش يٍ رفضم ٔركشو

 .ٔسة كم شٙء (سثٙ )

فهقذ ٔفقُٙ الله عجحبَّ ثفضهّ ٔخٕدِ ٔيُّ ٔكشيّ ،  انز٘ ثُعًزّ رزى انصبنحبدحًذ للهفبل

ٍُ ": لله عهٗ انذٔاو ٔنّ انشكشعهٗ انزًبو، فٕٓ فبنحًذ. ِاصْزِ انشعبلـإَحفٙ  ًَ ٌَ .انشَحْ  .عَهَىَ انقُشْآ

ٌَ ٌَ  .خَهَقَ الِإَغَب ُّ انجََٛب ًَ  .(1-4)انشحًٍ  "  عَهَ

 -و الله عهّٛ ٔعمٖصم- يحًذ  ٔحجٛت انشحًٍ عٛذَب ،ٔانصلاح ٔانغلاو عهٗ عٛذ الأَبو

 ، فصلاح ٔعلايبً عهّٛ َُبل ثًٓب فٙ انذَٛب عضح ٔكشايخيٍ حثُب عهٗ طهت انعهى فٕٓ يعهى انجششٚخ

 .ٔفٙ اٜخشح صحجخ ٔشفبعخ

 :  ْٔى  أٌ أرقذو ثعًٛق انشكشٔالإيزُبٌ نٓٛئخ الإششاف٘كًب لا ٚغعٍ 

 

 ٘انزعٍٛ شًظ أعزبر انشٚبضٛبد انجحزخ ثدبيعخ .صبحى أحمد على الشيخ/ الأستاذ الدكتور

 ثبنشعبٚخ ٔالإْزًبو يٍ خلال اقزشاحّ نًٕضٕعبد انجحث ٔإسشبدِ انًغزًشٔصجشِ ٘أحبطٍ

كًب صٔدَٗ ثحكًزّ . ٔنقذ أعطبَٙ انكثٛش يٍ ٔقزّ انثًٍٛ.ٔعطبئّ انلايحذٔد ٔرٕخّٛٓ انقٛى

 .ٔانًعهٕيبد انعذٚذح يٍ خلالانغًُٛبساد انزٗ عقذد

نذعًّ انًغزًش  ثدبيعخ عٍٛ شًظ انجحزخ انشٚبضٛبديذسط.رجب عبد القادر عمر/ الدكتور

.   ْزِ انشعبنخٔرشدٛعّ انًزٕاصم ٔيُبقشزخ انقًٛخ خلال إعذاد 

 

خبيعخ عٍٛ شًظ يًثلًا ثشئٛظ - كهٛخانزشثٛخ - صٚم إنٗ قغى انشٚبضٛبدـكًب أرقذو ثبنشكشانح

 انكشاو نًب ٘ كبٌ نُب خٛش يشدع ٔإنٗ أعبرزرٙ ٔصيلائ٘انزعثمان محمد فريج/ الدكتورانقغى 

 . ثّ يٍ سعبٚخ ٔإْزًبو خلال عُٕاد انذساعخ فهٓى خضٚم انشكش٘أحبطٌٕ

ثٕنٕخٛخ ٔ فٙ انًذسعخ انذ٘ سفقبء انجحث انعهى٘ ٔأعبرزد٘صٚم إنٗ صيلائـكًب أرقذو ثبنشكش انح

 ٚضٙء اَ َٕٔسِ فٙ إعذاد ْزِ انشعبل٘انز٘ كبٌ عَٕبً لعلي قنديل سعد/ الأستاذ الدكتورثشئبعخ 

 يُز انخطٕح الأٔنٗ فٙ ٘انز٘ أخز ثٛذ ٔ٘ فٙ طشٚق انجحث انعهىاَانظهًخ انزٙ كبَذ رقف أحٛبٌ

 ٔدعًّ انًغزًش ٔصجشِ ٔعطبئّ انلايحذٔد ح يٍ خلال رٕخٛٓبرّ انقٛى٘يشٕاسانجحث انعهى

صٚم انشكش ٔالإحزشو ـجنّ يُبـش ٔفدضاِ الله عُب كم خٙحخلال إعذاد ْزِ انشعبلحٔخٕٓدِ انًزٕاصم

إن الله "كًب فٙ عٍُ انزشيز٘ -صهٗ الله عهّٛ ٔعهى- ٔأقٕل نّ ثششاك قٕل سعٕل الله ٔانزقذٚش

وملائكته وأهل السماوات والأرض، حتى النملة في جحرها وحتى الحوت، ليصلون على معلم 
  "الناس الخير

.  فٙ ْزا انقغى٘ طٛهخ دساعذٌ٘،انز٘ عبعذ محمد مصطفى ياقوت/للدكتوركًب أرقذو ثبنشكش

 .ئ فأَب يذٍٚ نٓى ثكم ػ٘ انزٍٚ صجشٔا ٔرحًهٕا انشئ انكثٛش لأخمٕٚإخٕرٙ ،أة٘ٔإنٗ أو
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Summary

Multiset theory was introduced in 1986 by Yager [68]. A multiset is considered
to be the generalization of a classical set. In classical set theory, a set is a well-
defined collection of distinct objects. It states that a given element can appear
only once in a set without repetition. So, the only possible relation between two
mathematical objects is either they are equal or they are different. The situation
in science and in ordinary life is not like this. If the repetitions of any object is
allowed in a set, then a mathematical structure, that is known as multiset (mset
[9] or bag [68], for short), is obtained in [11, 25, 59, 60]. For the sake of convenience
an mset is written as {k1/x1, k2/x2, ..., kn/xn} in which the element xi occurs ki
times. The number of occurrences of an object x in an mset A, which is finite in
most of the studies that involve msets, is called its multiplicity or characteristic
value, usually denoted by mA(x) or CA(x) or simply by A(x). Noted that each
multiplicity ki is a positive integer.

In Mathematics, the equation x2−4x+4 = 0 has a solution x = 2, 2 which gives
the multiset S = {2/2}. Additionally, One of the simplest examples is the multiset
of prime factors of a positive integer n. The number 504 has the factorization
504 = 233271 which gives the mset X = {3/2, 2/3, 1/7} where CX(2) = 3, CX(3) =
2, CX(7) = 1. In Chemistry, a water molecule H2O is represented by the mset
M = {2/H, 1/O} and without one of the two hydrogen atoms, the water molecule
is not created.

In the physical world it is observed that there is enormous repetition. For
instance, there are many hydrogen atoms, many water molecules, many strands
of DNA, etc. This leads to three possible relations between any two physical
objects; they are different, they are the same but separate or they coincide and are
identical. Many conclusive results were established by these authors and further
study was carried on by Jena et al. [32] and many others [12, 13, 14, 47]. The
notion of an mset is well established both in mathematics and computer science
[9, 10, 15, 16, 23, 58, 61, 62].
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A wide application of msets can be found in various branches of mathematics.
Algebraic structures for mset space have been constructed by Ibrahim et al. [29].
In [53], Okamoto et al. used msets in coloring of graphs. Additionally, application
of mset theory in decision making can be seen in [69]. In 2012, Girish and Sunil [26]
introduced multiset topologies induced by mset relations. The same authors in
[27] further studied the notions of open sets, closed sets, basis, sub-basis, closure,
interior, continuity in multiset topological (M-topological, for short) spaces.

The concept of soft sets was first introduced by Molodtsov [48] in 1999 as a gen-
eral mathematical tool for dealing with uncertain objects. In [48, 49], Molodtsov
successfully applied the soft set theory in several directions, such as smoothness
of functions, game theory, operations research, Riemann integration, Perron inte-
gration, probability, theory of measurement, and so on. In 2011, Shabir and Naz
[56] initiated the study of soft topological spaces. They defined soft topology on
the collection of soft sets over X. Consequently, they defined basic notions of soft
topological spaces such as open soft sets and closed soft sets, soft subspace, soft
closure, soft nbd of a point, soft separation axioms, soft regular spaces and soft
normal spaces.

In 2013, Babitha et al. [8] and Tokat et al. [64] introduced the concept of soft
mset (F,E) as F : E → PW (U) where E is a set of parameters and PW (U) is
a power whole mset of an mset U . Moreover, Tokat et al. [65] introduced the
concept of soft mset (F,E) by another way as F : E → P ∗(U) where E is a set of
parameters and P ∗(U) is a power set of an mset U . The notion of a soft multiset
in this thesis is the same as in [65, 66, 67]. In 2013, Tokat et al. [64] introduced
the concept of soft multi topology and its basic properties. In addition, the notion
of soft multi connectedness was studied in [65]. Additionally, the notion of soft
multi compactness on soft multi topological spaces was presented in [66]. In 2015,
Tokat et al. [67] presented the notion of soft multi continuous functions. The
concept of soft msets which is combining soft sets and msets can be used to solve
some real life problems. Also, this concept can be used in many areas, such as
data storage, computer science, information science, medicine, engineering, etc.

A bitopological space (X, τ1, τ2) was introduced by Kelly [38] in 1963, as a
method of generalizes topological spaces (X, τ). Every bitopological space (X, τ1, τ2)
can be regarded as a topological space (X, τ) if τ1 = τ2 = τ . Furthermore, he
extended some of the standard results of separation axioms and mappings in a
topological space to a bitopological space. The notion of connectedness in bitopo-
logical spaces has been studied by Pervin [54], Reily [55] and Swart [63].
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In 1983 Mashhour et al. [44] introduced the notion of supra topological spaces
by dropping only the intersection condition. Kandil et al. [33] generated a supra
topological space (X, τ12) from the bitopological space (X, τ1, τ2) and studied some
properties of the space (X, τ1, τ2) via properties of the associated space (X, τ12).
Thereafter, a large number of papers have been written to generalize topological
concepts to bitopological setting [17, 18, 19, 20, 34, 57].

Generalized open sets play a very important role in general topology and they
are now the research topies of many topologists worldwide. Andrijevic [4, 7]
introduced a class of generalized open sets in a topological space as b-open sets
and α-sets. The class of b-open sets is contained in the class of β-open sets and
contains both semi-open sets and pre-open sets. Levine [39], Mashhour et al. [43],
Njastad [52] and Abd El-Monsef et al. [1] introduced semi-open sets, pre-open
sets, α-open sets and β-open sets respectively.

This thesis is devoted to

1. Initiate supra M-topological spaces.

2. Study γ-operation and some types of msets in (supra) M-topological spaces.

3. Introduce generalized closed soft msets in soft multi topological spaces.

4. Study some types of soft msets and some types of soft multi continuous
functions in soft multi topological spaces.

5. Introduce separation axioms, semi-compactness and semi-connectedness on
(soft) multi topological spaces.

6. Given comparisons between the current results and the previous one by using
counter examples.

7. Initiate multiset bitopological spaces and some operators on it.

This thesis contains 5 chapters:-

Chapter 1 is the introductory chapter, so it contains the basic concepts and
properties of set theory and mset theory. It contains also the basic concepts
and properties of topological space such as closure, interior, boundary, functions,
separation axioms. The basic concepts and properties of bitopological spaces are
presented. Further, this chapter contains the basic notions related to soft sets
and soft topological spaces. Additionally, in Subsection 1.6, the concept of soft
msets is introduced by Tokat et al. [65]. Moreover, the soft multi function and
it’s properties are introduced in this subsection.
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In Chapter 2, the concept of supra M-topological spaces is introduced initially.
Then, the notions of supra γ-operation, supra pre-open msets, supra α-open msets,
supra semi open msets, supra β-open msets and supra b-open msets are presented.
The properties of the present notions are studied and the relationships between
them are given. The importance of this approach is that, the class of supra M-
topological spaces is wider and more general than the class of M-topological spaces.
For a special case, we introduced the notion of γ-operation in M-topological spaces.

Some results of this chapter are:

• “S. A. El-Sheikh, R. A-K. Omar and M. Raafat, γ-operation in M-topological
space, Gen. Math. Notes 27 (2015) 40−54.”

• “S. A. El-Sheikh, R. A-K. Omar and M. Raafat, Supra M-topological space
and decompositions of some types of supra msets, International Journal of
Mathematics Trends and Technology 20 (2015) 11−24.”

The goal of Chapter 3 is to study some (soft) multi topological properties in
(soft) multi topological spaces which are represented by introducing separation
axioms on M-topological spaces and study some of their properties. In addition,
some algebraic structures on soft msets are obtained. Also, we introduced the
notion of soft multi semi-compactness as a generalization of semi-compact in M-
topological spaces and study its properties. Finally, we see that Theorem 1.6.3
in [65] is not correct and that is explained by a counter example. Moreover, the
concept of semi-connectedness in soft multi topological spaces is introduced.

The results of this chapter are:

• “S. A. El-Sheikh, R. A-K. Omar and M. Raafat, Separation axioms on
multiset topological space, Journal of New Theory 7 (2015) 11−21.”

• “S. A. El-Sheikh, R. A-K. Omar and M. Raafat, Semi-compact soft multi
spaces, Journal of New Theory 6 (2015) 76−87.”

• “S. A. El-Sheikh, R. A-K. Omar and M. Raafat, A note on ”Connected-
ness on soft multi topological space”, Journal of New Results in Science,
submitted.”

In Chapter 4, we introduced the concepts of generalized closed (open) soft msets
and their properties. Also, the relationship between the current work and the pre-
vious one [39] is presented with the help of counter examples. Additionally, we
introduced the concept of separated soft msets in soft multi topological spaces
and study some results about this concept. The main purpose of Subsection 4.2 is
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to introduce the notions of γ-operation, pre-open soft msets, α-open msets, semi-
open soft msets, β-open soft msets and b-open soft msets in soft multi topological
spaces. The current notions are a generalization of the notions in [35]. In ad-
dition, the relationships among these types are studied. Moreover, the concepts
of pre-continuous (respectively semi-continuous, α-continuous, β-continuous, b-
continuous) soft multi functions are introduced and their properties are studied
in detail. Also, the concepts of pre-irresolute (respectively semi-irresolute, α-
irresolute, β-irresolute, b-irresolute) soft multi functions are presented.

Some results of this chapter are:

• “S. A. El-Sheikh, R. A-K. Omar and M. Raafat, Some types of open soft
multisets and some types of mappings in soft multi topological spaces, Ann.
Fuzzy Math. Inform., to appear.”

• “S. A. El-Sheikh, R. A-K. Omar and M. Raafat, Generalized closed soft
multiset in soft multi topological spaces, Asian Journal of Mathematics and
Computer Research 9 (2015) 302−311.”

The main purpose of Chapter 5 is to introduce the notion of multiset bitopolog-
ical spaces and study some M-operators on multiset bitopological spaces. More-
over, the notions of ij-operators such as ij-pre-open msets, ij-α-open msets,
ij-semi-open msets and ij-β-open msets are presented on multiset bitopologi-
cal spaces. The properties of these operators are studied and the relationships
between them are given. Additionally, some deviations between M-topology and
ordinary topology are given with the help of counter examples. The importance
of this approach is that, the class of multiset bitopological spaces is more general
than the class of bitopological spaces.

Some results of this chapter are:

• “S. A. El-Sheikh, R. A-K. Omar and M. Raafat, Multiset bitopological
spaces, Asian Journal of Mathematics and Computer Research 8 (2015)
103−115.”

• “S. A. El-Sheikh, R. A-K. Omar and M. Raafat, Operators on multiset
bitopological spaces, South Asian J. Math. 6 (2016) 1−9.”
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Chapter 1

Preliminaries

The purpose of this chapter is to present a short survey of some needed defini-
tions and theories of the material used in this thesis.

1.1 Some basic concepts of topological structures

The aim of this section is to collect the relevant definitions and results from
topology about interior, closure, boundary, separation axioms and mappings.

Definition 1.1.1 [21] Let X be a nonempty set. A class τ of subsets of X is
called a topology on X if it satisfies the following axioms:

1. X,φ ∈ τ ,

2. an arbitrary union of the members of τ is in τ ,

3. the intersection of any two sets in τ is in τ .

The members of τ are then called τ -open sets, or simply open sets. The pair (X, τ)
is called a topological space. A subset A of a topological space (X, τ) is called a
closed set if its complement Ac is an open set. If τ satisfies the conditions 1 and
2 only, then τ is said to be a supra topology on X and the pair (X, τ) is called a
supra topological space [44].

Definition 1.1.2 [50] Let (X, τ) be a topological space and A ⊆ X. Then,

1. cl(A) = ∩{F ⊆ X : A ⊆ F and F is closed} is called the τ -closure of A,

1


