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Summary  

A Graph Theory Approach for Optimizing the Circulation Problem 

in Networks 

Abstract��

In this thesis we used an approach is suggested to define and apply graph 

theory which is different form of the classical one in the literature, this 

approach is used to illustrate and represent different circulation problems 

in network. 

  The thesis will show that the new definition is more appropriate to put 

the network circulation problem in more rigors formal expression which 

will make a computer based technique to solve this problem more 

adequate. 

These days, graph theory is one of the most popular and fertile branches 

in mathematics and computer science. One important reason for this  

renewed interest in graph theory is its applicability to many of the 

complex and wide-ranging problems of modern society in such diverse 

fields as economics, facility location, management science, marketing, 

energy modeling, transmission of information, and transportation 

planning to name a few. Quite often such problems can be modeled as a 

graph or network. In this context graph theory is used first and foremost 

as a tool for formulating problems and defining structural inter 

relationships. Once a problem is formulated in graph-theoretical 

language, it becomes relatively easy to comprehend it in its generality. 

The next step will, of course, be to exploring avenues to seek a solution to 

the problem. The field of graph theory has two different braches: the 

algebraic aspects & the optimization aspects (the area of network 

optimization, which is greatly advanced by the advent of the computer).  

The thesis has been organized in six sections. The first is 

introduction, the second is the new definition of graph theory, the third is 

the directed graph, the fourth flow in network, the five circulation 

problems the sixth applications with reseal directions.  

Keywords (graph theory, network, flow, circulation, optimization, short 

path, assignment) 



 6 

��
 

Page 

 
Table of  Contents 

 

10 Chapter 1 Introduction &Review  

14 Chapter 2 New Graph Theory 

14 2.1 The definition of graph theory 

15 

16 

23 

29 

29 

30 

30 

31 

31 

31 

31 

32 

34 

34 

35 

2.2 Graph Representation 

2.3 Sub graphs  

2.4  Isomorphism  

2.5  Types of graphs 

2.6 Vertex degrees 

2.7  Graph coloring  

2.8  Euler trail  

2.9  Hamilton cycle  

2.10 Walk  

2.11 Trail  

2.12 Path  

2.13 cycle 

2.14Connected graphs  

2.15 Forest 

2.16 Tree 

Summary   

 

40 Chapter 3 New Directed graph  

40 

41 

����

�� 

�� 

����

�� 

3.1 Directed graph 

3.2 Underlying graph 

3.3 Vertex degrees in digraphs 

3.4 Directed walk 

3.5 Directed trail  

3.6Directed path 

3.7 Directed cycle 

Summary 

�� Chapter 4 Network flows  

47 

47 

49 

 4.1 Network  

4.2 Definition of network  

4.3 Flow  



 7 

49 

50 

55 

56 

4.4 Feasible Flow  

4.5 Cuts in networks   

4.6 The optimal flow problem 

Summary 

 

�� 

Chapter 5 Circulation in network  

57 

59 

62 

62 

63 

5.1 Circulations  

5.2 Feasible circulation  

5.3 Circulation theorem 

5.4 Elementary circulations  

5.5 Algorithms and Complexity  

65 Chapter 6 Applications  

65 

66 

68 

68 

69 

6.1 Max-flow problem  

6.2 Job sequencing problem 

6.3 Making A road system one-way  

6.4  Assignment problem  

6.5 Shortest path problem 

70 

77 

                      Appendix A 

                      Appendix B 

 

92                      Reference 

97 �	
��
�����
�
����� 

 



 8 

List of figures��
 

page  Number of 

figure 

12 Different figure represent the graph  Fig 2.1 

18 A graph G and sub graphs H1, ,H2, H3  Fig 2.2 

20 Example of sub graph Fig 2.3 

21 a & b are isomorphic Fig 2.4 

21 a & b are not isomorphic Fig 2.5 

22 a & b are isomorphic Fig 2.6 

24 (a)Not simple graph (b) simple graph Fig 2.7 

25 Complete graph Fig 2.8 

26 A set Partition of to Xi  , Xj Fig 2.9 

26 Bipartite graph Fig 2.10 

27 (a) A planar graph G; (b) a planar embedding of 

G 

Fig 2.11 

29 The complete bipartite graph Fig 2.12 

32 Example of walk ,trail ,path Fig 2.13 

33 (a)Connected ,(b)Disconnected Fig 2.14 

   

40 Directed arc Fig 3.1 

41 Some of the associate digraphs out of 64 

digraphs. 

Fig 3.2 

42 Example of vertex degrees in digraph Fig 3.3 

43 Example of diwalk ,ditrail ,dipath Fig 3.4 

   

49 Network Fig 4.1 

49 Flow for network Fig 4.2 

50 Arc sets out (sout) and in (sin) cuts Fig 4.3 

50 The sets (sout, sin) cuts Fig 4.4 

����A flow in network� Fig 4.5 

52 No.(1)flow in network� Fig 4.6 

53 No(2)flow in network Fig 4.7 



 9 

53 No(3)flow in network� Fig 4.8 

53 No(4)flow in network� Fig 4.9 

����No(5)flow in network� Fig 4.10 

�� No(6)flow in network� Fig 4.11 

�� No(7flow in network� Fig 4.12 

�� The cut of network� Fig 4.13 

   

�� Example of the circulation Fig 5.1 

�� A digraph with capacity constraints Fig 5.2 

61 H the corresponding Flow network Fig 5.3 

61 A feasible circulation Fig 5.4 

   

67 job sequencing problem Fig 6.1 

68 Example of making a road system one-way Fig 6.2 

 

 

 

 

 

 

 

 

 

 

 

 



 10 

List of symbols 

��
 

 
A graph  G 

Set of vertices V 

Set of edges E 

Intersection of the sets V and E V E� 

Empty set  ∅ 

The incidence  function  ψ 

ζ� Is a function from  E to ψ  : Eψ ζ→ 

 ψ Image of e under the function      ( )eψ 

Subset of non-Cartesian product    ζ 

Cartesian product of v   V V× 

non-Cartesian product    
V V

•

× 

Cardinality of V V 

The incidence matrix of graph G  ( )M G 

The adjacent matrix of graph G  ( )A G 

ijm�Matrix with entries   ijm 

 
ija Matrix with entries   ija 

1 2 ............
n

a a a+ + 

1

n

i

i

a
=

� 

1 2 3.......... .
n

a a a a 

1

n

i

i

a
=

∏ 

The field of real numbers  R 

Set of positive real numbers  R
+ 

Main diagonal of non-Cartesian product    
MD

•

 

The partition of A  B 

The degrees of a vertex v  d (v) 

Indegree of vertex v  (v),indeg�deg+ 

Outdegree of vertex v (v),outdeg�deg- 

Chromatic number of G ( )Gχ 

Maximal degree of a vertex of G  ( )G∆ 



 11 

Chromatic index of G ( )/
Gχ 

The walk from a to z Waz 

The walk from z to a 1

azW
− 

Directed walk from a to z 
azW

→

 

The trail from a to z Taz 

The path from a to z Paz 

The path from z to a 1

azP
− 

Directed walk from a to z 
azP

→

 

cycle Caa 

Directed graph  D 

Set of nodes N 

Set of arcs A 

 function from Subset of Cartesian product of 

N N×    

χ 

 Set of sink  node Sin 

Set of source node Sout 

Flow in network f 

The maximum flow in network  f
∗ 

The lower capacity constraint for the arc a  b(a) 

The upper capacity constraint for the arc a c(a) 

 Capacity of cut   ( Sout , Sin)  )c(Sout , Sin  

 Flow value for  cut   ( Sout , Sin) with respect to the 

flow f 

 )  f (Sout , Sin 

Number of connected components of D p 

The cost of arc a  ( )aγ 

The upper bound on the complexity   ( )( )f nΟ 

The lower bound on the complexity   ( )( )f nΩ 

Rate of growth ( )( )f nΘ 

If and only if iff 

There is exist  ∃ 

 

 

��
��



 12 

Chapter1 

Introduction and Review 

1-Introduction 

    In this thesis we used an approach is suggested to define and apply 

graph theory which is different form of the classical one in the literature, 

this approach is used to illustrate and represent different circulation 

problems in network. 

  The thesis will show that the new definition is more appropriate to put 

the network circulation problem in more rigors formal expression which 

will make a computer based technique to solve this problem more 

adequate. 

These days, graph theory is one of the most popular and fertile branches 

in mathematics and computer science. One important reason for this  

renewed interest in graph theory is its applicability to many of the 

complex and wide-ranging problems of modern society in such diverse 

fields as economics, facility location, management science, marketing, 

energy modeling, transmission of information, and transportation 

planning to name a few. Quite often such problems can be modeled as a 

graph or network. In this context graph theory is used first and foremost 

as a tool for formulating problems and defining structural inter 

relationships. Once a problem is formulated in graph-theoretical 

language, it becomes relatively easy to comprehend it in its generality. 

The next step will, of course, be to exploring avenues to seek a solution to 

the problem. The field of graph theory has two different braches: the 

algebraic aspects & the optimization aspects (the area of network 

optimization, which is greatly advanced by the advent of the computer).  
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Problem definition 

To define the graph and its importance, let us enumerate the following 

questions which will be answered in this thesis to give us a starting point 

for developing an approach for renewing the definition of the graph 

terminologies. 

1- How can we lay cable at minimum cost to make every. Telephone 

reachable from every other?  

2- What is the fastest route from the national capital to each state 

capital?  

3- How can n jobs be filled by m people with maximum total utility?  

4- What is the maximum flow parquet time from source to sink in 

network of pipes?  

5- How many layers does a computer chip need so that wires in the 

same layer don’t cross?  

6- How can the season of a sports league be scheduled into the 

minimum number of weeks?  

7- In what order should a traveling salesman visit cities to minimize 

travel time?  

8- Can we color the regions of every map using four colors so that 

neigh boring regions receive different colors?  

when the above questions are answered the questions above we 

shall deal with some application on operations research[33]. 

The thesis has been organized in six sections. The first is 

introduction, the second is the new definition of graph theory, the third is 

the directed graph, the fourth flow in network, the five circulation 

problems the sixth applications with reseal directions.  
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2-Review 
Here the classical definitions of the main items in graph theory. These 

classical definitions are very popular and used almost all over, later in 

our thesis we will introduce our equivalent definitions which we think is  

more appropriate and more beneficially.  

Definition of Graph 

A graph ( ),G V E=  is a mathematical structure consisting of two finite 

sets V and E ,the  elements of V are called vertices , and the elements of E 

are called edge[18] . 

A null graph is a graph whose vertex, and edge sets are empty. 

A trivial graph is a graph is consisting of one vertex and no edge. 

Subgraph a graph H is said to be a subgraph of a graph G iff  every 

vertex in H is also a vertex in G ,every edge in H is also an edge i n G , 

and every edge in H has the same endpoints as in G. 

Types of Graph  

A simple graph is a graph that does not have any loops or parallel edges . 

In a simple graph ,an edge with endpoints V and W is denoted {V,W}. 

A complete graph on n vertices, denoted Kn is a simple graph with n 

vertices  v1….. .......vn whose set of edges contains exactly one 

edge for each pair of distinct vertices[29]. 

A bipartite graph G is a graph whose vertex-set V can be partitioned 

into two subsets U,W such that each edge of G has one endpoint in U 

and one endpoint in W . The pair  U,W is called a(vertex) bipartition of  

 G,and    U,W are called the bipartition subsets. 

A planar graph a graph G is said  to be planar if there is drawing of the 

graph in the plane without edge-crossings  

 

A regular graph is a graph whose vertices all have equal degree. 
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Line graphs the line graph L(G)of a graph G�has a vertex for each edge of 

G , and two vertices in G are adjacent iff the corresponding edge in G have 

a vertex in common. Thus, the line graph L(G)is the intersection graph 

corresponding to the endpoint sets of the edges of   G. 

Line graphs are special case of intersection graphs. 

A directed graph or digraph consists of two finite sets ,a set V(G) 

of vertices and a set D(G)of directed edges, where each edge is 

associated with an ordered pair of vertices called its endpoints. If edge e 

is associated with the pair (V,W) of vertices ,then e is said to be the 

(directed) edge from  V to W [25]. 

The degree of a vertex is the number of edges that are incident on (or 

stick out of) the vertex.  
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Chapter 2 

New Graph Theory ��
   

 

Introduction 

In this chapter a proposed of a new approach to define and apply 

the graph theory. This approach is a different form of the classical 

approach found in the literature. We used this approach to illustrate and 

represent different circulation problems in networks. 

It will be shown that the proposed definition is more appropriate to 

put the network circulation problems in a more rigorous form. This makes 

computer-based techniques to solve those problems more adequate and 

efficient. 

2.1-The new definition of graph theory  

2.1.1 Definition of a graph:  

Where: ( )ψ,, EVA graph G is an ordered triple  

V: is a finite set called the set of vertices.  

E:  is a finite set called the set of edges.     

ψ  :called the incidence function such that  

ψ   : is a function : E whereψ ζ ζ→  is a subset of the non-Cartesian 

product 

 V V
•

×  where the non-Cartesian Product  

A A
•

× =   { }{ }, : ,X Y X Y A∈  

The numbers of element in V, E are denoted by  V  = n, E = m.  

If ( )eψ  = { ,
i j

v v } we call each of ,
i j

v v  an incident of (e) and they are 

adjacent to each other.  

The third component (ψ ) in the above definition was first 

maintained by Bondy and Murty [ 7 ]. But they didn't use it extensively in 

defining various characteristic of graphs.  


