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Introduction

-

The notions of parallel and self-parallel smooth immersions have been
introduced by H. R. Farran and S. A. Robertson [9]. A more de-
tailed study of these notions for simply closed curves was done by F. J.
Craveiro De Carvalho, and S. A. Robertson in [6] and by B. Wegner
in- [18]-in-the general case and in [20] for curves on surfaces. -

Our study is an extension to these investigations and an explicit de-
scription of the connection of parallelism to the so-called total normal
twist of closed and non-closed curves.

In the first chapter we expose and investigate some remarks done by
other authors for parallel immersions in Euclidean n-space, and its re-
lated notations, especially paralle]l rank. We give some examples on
global parallel rank, covering parallel rank, uniform local parallel rank
and local parallel rank satisfying a relation joining these parallel ranks.
For plane curves some more detailed results obtained, referring to the
connection between parallel rank, curvature and the evolute of the
curve. The connection between parallel rank of a smooth immersion of
m-dimensional manifold in Euclidean n-space, m < n and the curvature
of the normal bundle is explained in detail. The behaviour of parallel
rank for cartesian and diagonal product of immersions is studied. At
the end of this chapter we discuss the action of conformal transforma-
tions on parallel sections of the normal bundle and parallel ranks of
an immersion in the Euclidean n-space. This leads to the insight, that
all notions and results easily can be transferred to spaces of constant
curvature.

In Chapter 2, the total normal twist, special considerations are made for

I
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closed curves in Euclidean 3-and 4-space. Parallel transfer along closed
curve to a normal vector field along one period of the curve leads to
the notation of total normal twist. The classification of self-parallel
curves is exhibited and the most important connection of parallel rank
to the vanishing of the total normal twist in Euclidean 3- and 4-space
is described. This motivates the subsequent study of the total normal
twist itself, being connected with the total torsion for Frenet curves. We
give some examples to compute the total normal twist for known curves.
The behaviour of the total normal twist under the obvious homotopy
between a closed curve in the Euclidean 3-space and its plane projection
is explained.

Chapter 3 is devoted to studying the variation of the total normal twist.
In order to be able to understand the relations between curves of the
. same total normal twist, variational formulas are developed for this no-
tion. Under special assumptions, we obtain a variational formula for the
derivative of the total normal twist depending only on the variational
vector field and the data of the original curve. Then Section 3.2 in this
chapter is devoted to remove the restriction made for the variational
vector field by the special assumptions and to extend the variational
formula to general homotopies of closed curves. These results are spe-
cialized to the case of regular Frenet curves and extended to curves in
Euclidean 4-space. At the end of this chapter we use these results to de-
tect isotopies leaving the total normal twist invariant, and in particular
to provide examples for deformations of curves remaining in the class
of curves of global parallel rank 2. The given explicit isotopies illustrate
the value of the total normal twist. A lot of examples are developed,
giving a good intuitive background of this notion and serving as a pool
for later examples.

This invites to consider the whole matter in the frame work of infinite-
dimensional manifolds. In chapter 4, infinite-dimensional interpreta-
tions, we consider the space C(S?, E®) of all differentiable maps of a
circle into the Euclidean 3-space E®. This space is a Banach manifold.
We considered the subspace of all smooth immersions and prove that
it is a Banach submanifold of the ambient space. The previous results
fit together leading to an interpretation of the total normal twist as a
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differentiable function.

In Chapter 5, homotopies using conformal transformation, we prove the
existence of a homotopy in the Euclidean 3-space from a plane curve
to a spherical one preserving the total normal twist. In the work of
B. Wegner [19] it has been shown that parallel sections of the normal
bundle remain parallel after renormalization, if the ambient space is
subject to a conformal transformation and consequently the local and
uniform parallel ranks of immersions into Euclidean 3-space is an in-
teger multiple of 27, then the same is true for any image of the curve
under a conformal transformation of the ambient space. Here we use
conformal transformations to prove a theorem that for any immersed
closed curve ¢ in the Euclidean 3-space with vanishing total normal
twist, there exists a Frenet curve homotopic to ¢ in an arbitrary neigh-
bourhood of ¢ such that the total normal twist.is invariant along the
homotopy between ¢ and the Frenet curve in that neighbourhood.

To obtain more degree of freedom for further constructions, the whole
theory of total normal twist is extended to the case of non-closed curves.
In Chapter 6 many results obtained previously extend to this gener-
alization. Some additional motivation for these considerations can be
obtained from the perspective to carry out analogous investigations for
time-like curves in Minkowsky 4-space Furthermore the regularity con-
ditions are reduced to consider a piecewise matching of the non-closed
curves to closed ones which are differentiable only. To do this we in-
troduced the notion of relative total normal twist which compares two
curves having the same initial point, same end point, same oriented
normal plane at the initial point, and same oriented terminal normal
plane at the end point, and by using the standard isometries which
correspond to each case of locations of the normal plans as given in
Section 6.2, we define the notions of norm curves, the total normal
twist for non-closed curves. It has been shown that for every case of
standard isometry there exists at least one norm curve. in Section 6.4
point out that the degree of smoothness of curves has impact on the
behaviour of normal parallel transfer along these curves. We gave an
example that assuming C* only without having piecewise C* will not
suffice for a reasonable of normal parallel transfer. Finally we discuss
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briefly the notion of straight polygons and curved polygons consider-
ing them with the previous considerations by matching piecewise C*°
C!-curves. Polygons may be taken as a limiting case of these matchings.

These final considerations show that the whole theory can be ecasily
extended to legs regular but nevertheless interesting objects. The ex-
tension of the variational formulas will involve some technical efforts.

The important part on the variational formula has been submitted suc-
cessfully for publication as a joint manuscript to the Proceeding of the
Colloguium on Geometry and Topology, held in Braga (Portugal) in
September 1997.



Chapter 1

Parallel immersions in
Euclidean space

The notions of parallel and self-parallel smooth immersions has been
introduced by H. R. Farran and S. A. Robertson [9]. A detailed study
of these notions can be found in [6] and in the works of B. Weg-
ner (17}, [18], [19} and [20].

The aim of this chapter is to expose and make some remarks about the
theory of parallel immersions. Generalities on parallel immersions into
Euclidean space are considered. Some general statements about these
notions are made. In particular the different kinds of parallel ranks are
considered and their relations are made very precise. The connection
between parallel rank and the curvature of the normal bundle is ex-
plained in detail. The conformal invariance of this rank leads to an
immediate transfer of the notations and some results to the ambient
space.

1.1 Parallel rank

Let f : M — E™ be a smooth immersion of an m-manifold M into
Euclidean n-space, n—m = k > 0 is the codimension of M. For any z €

1



2 CHAPTER 1. PARALLEL IMMERSIONS IN EN

M, the tangent map at z is a linear map 7, f : T,M — T,E™ = E™ un-
der the usual identification, f(x) =: y. We denote by L, := T, f(T, M)
the image of T, M as a linear subspace of E™ whose dimension is the
rank of f at =, and by L“:z its orthogonal complement. The correspon-
ding affine subspaces give the tangent spaces 7,(z) = {f(z)} + L, and
the normal spaces v;(z) = {f(z)} + L}, to f at z.

Definition 1.1.1 [9] The two immersions f,g: M — E™ are colled
parallel, denoted by f || g, if for every x € M, v (z) = v, (z).

Definition 1.1.2 [9] A diffeomorphism J : M — M of the domain of
J i M — E™ is called a self-parallelism of f, if f and foJ are parallel.
The self-parallelisms of the immersion f build up a subgroup G(f) of
the group of all diffeomorphisms J : M — M under composition. It
is called self-parallel group of f.

We denote by C = C™°(M, E™) the set of all smooth maps f: M —
£". This is a real linear space. Let I; M denote the subset of C consi-
sting of all immersions of M in E™.

It is clear that || is an equivalence relation on I; M. We denote the
parallelism class of f by [f]. Now we can form the affine hull A(f) of
[f] for any f in C. Thus A(f) is the smallest affine subspace of C that
contains [f].

As usual let V denote the directional derivative in E"

Proposition 1.1.1 [9] For all f € ItM, [f] = I,M N A(f).

Proof. (i) From the definitions of |f] and A(f) we have that:

forany f € LM, [f] C IyM and {f] C A(f). Hence [f] C I MNA(f).
(ii) Let the immersions fy, ..., fp € [f], h = X%, t:f; such that 3F_, ¢; =
1. Then for any v € T, M and using that f; || f foralli=1,...,p

Tuh = 3 6ufe = S UTLN) € Ly
i=1

i=1

hence Ly, C Ly .
If b is an immersion, then it has rank m, and we obtain L, = L;,.



