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SUMMARY

Summary

Fuzzy sets are a generalization of conventional set theory that were
introduced by Zadeh [91] in 1965 as a mathematical way to represent
uncertainty and vagueness and to provide formalized tools for dealing
with the imprecision intrinsic to many problems in everyday life. The
notion of a fuzzy set has caused great interest among both ‘pure’ and
applied mathematicians. It has also raised enthusiasm among some en-
gineers, biologists, psychologists, economists, and experts in other areas,
who use (or at least try to use) mathematical ideas and methods in their
research.

After the discovery of the fuzzy sets, much attention has been paid
to generalize the basic concepts of classical topology in fuzzy setting
and thus a modern theory of fuzzy topology is developed. Chang [13]
in 1968 introduced the notion of fuzzy topology when he replaced sets
by fuzzy sets in the ordinary definition of topology. Since then, a lot of
contributions to the development of fuzzy topology have been published
(cf.[24, 25, 28, 58, 59, 60, 64]). In 1980, Pu and Liu [65, 66] introduced
the concept of quasi-coincidence relation which done further research on
Chang’s concept of fuzzy topology.

However, Chang definition for fuzzy topology was criticized by some
authors, that his notion did not really describe fuzziness with respect to
the concept of openness of a fuzzy set, which seems to be a drawback
in the process of fuzzification of the concept of topological spaces. In
the light of this difficulty, many mathematicians try to make a fuzzy
treatment for this structures. Independently by Kubiak [47] and Sostak
[84] in 1985 introduced the fundamental concept of a ‘fuzzy topological
structure’, as an extension of both crisp topology and Chang’s fuzzy
topology, according to which a fuzzy topology on a set X is a mapping
on the power set I* (i.e., a mapping 7 : [ — [ where I = [0,1]



is the closed unite interval) satisfying certain axioms. With respect to
this mapping each fuzzy set u € IX is open with a suitable degree 7(1),
i.e., each fuzzy subset has a degree of openness, in the sense that not
only the object were fuzzified, but also the axiomatics. Sostak gave
some rules and showed how such an extension can be realized. Every
fuzzy topology in Sostak sense is a fuzzy topology in Chang sense if
7 : I — {0,1}. Subsequently, Badard [8] in 1986, introduced the
concept of ‘smooth topological space’. In 1992, Chattopadhyay et al. [14]
and Chattopadhyay and Samanta [15] in 1993, re-introduced the same
concept, calling it ‘gradation of openess’. In 1992, Ramadan [70] and his
colleagues introduced a similar definition, namely, smooth topological
space for lattice L = [0,1]. Following Ramadan, several authors have
re-introduced and further studied smooth topological space (cf.[6, 21,
43, 71, 72, 80, 85]). Thus, the terms ‘fuzzy topology’, in Sostak’s sense,
‘eradation of openness’ and ‘smooth topology’ are essentially referring
to the same concept. In our thesis, we adopt the term smooth topology.

The concept of bitopological spaces (X, 71, 72) was first introduced by
Kelly [37] in 1963, as a method of generalizing topological spaces (X, 7).
In 1989, Kandil [33] introduced and studied the notion of fuzzy bitopo-
logical spaces as a natural generalization of fuzzy topological spaces.
In 2001, Lee et al. [53] introduced the concept of smooth bitopologi-
cal spaces as a generalization of smooth topological spaces and Kandil’s
fuzzy bitopological spaces. Thereafter, a large number of papers have
been written to generalize fuzzy topological concepts to smooth bitopo-
logical setting. Ghanim et al. [30] in 2000, introduced the notion of
supra smooth topology. Abbas [1] in 2002, generated the supra smooth
topological space (X, 72) from a smooth bitopological space, as an ex-
tension of generated supra fuzzy topology in the sense of Kandil et al.
[35]. This induced supra smooth topological space plays an important
role in the researching of the study of smooth bitopological spaces, be-
cause in this case, smooth bitopological spaces studied by one supra
smooth topology 75 such that 7; < 79,7 = 1,2 and this is the easiest.

The general notion of fuzzy filter on a set X was introduced by Gahler
in [17] in 1992, as a mapping of the set LX of all fuzzy sets in X into
the completely distributive complete lattice L. By means of the notion
of interior of a fuzzy set, the notion of a fuzzy neighborhood filter is
defined. In this approach several notions are related to usual points,
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e.g. the notion of fuzzy neighborhood filter. Several concepts in fuzzy
topological spaces are studied by the notion of fuzzy neighborhood filters
(cf. [10, 11, 24, 25, 26, 27]).

Gradation of proximity on a set X is a mapping § : X x [X — [ satis-
fying certain axioms, was introduced by Samanta [81] in 1995. Samanta
has showed that his fuzzy proximity is more general than that of Artico
and Moresco [5]. Also, in the same year Ghanim et al. [29] intro-
duced gradation of proximity spaces with somewhat different definition
of Samanta [81]. Later, Ghanim et al. [30] introduced the concept of
gradation of supra proximity. Kim and Park [40] introduced the concept
of fuzzy quasi-proximity spaces in view of Ghanim et al. [29].

This thesis which contains six chapters is devoted to give further study
for smooth bitopological spaces. The outlines of this study as follow:

(1) Study smooth bitopological spaces by using the induced supra
smooth topological spaces.

(2) Introduce and study some types of generalized fuzzy closed sets.

(3) Introduce new types of generalized fuzzy continuous mappings on
smooth bitopological spaces.

(4) Generalize separation axioms [10, 11] from fuzzy topological spaces
to fuzzy bitopological spaces and then to smooth topological spaces.

(5) Introduce new types of compactness and compactness modulo smooth
ideals in smooth bitopological spaces.

(6) Development the theory of fuzzy proximity more than one direction
by introducing the notion of smooth biproximity spaces and some
other new types of smooth proximity spaces.

Chapter 1, is divided into two sections. Section 1.1, is the introduc-
tory section, includes some preliminary results from fuzzy sets, fuzzy fil-
ters, fuzzy topological (resp. bitopological, smooth topological, smooth
bitopological and fuzzy proximity) spaces. In Section 1.2, we extend the
notion of r-fuzzy semi-open sets on smooth bitopological space by using
its associate supra smooth topological space (X, 712). Some of its basic
properties are discussed. We saw that the present notion of r-fuzzy semi-
open sets is independent from the notion of r-(7;, 7;)-fuzzy semi-open sets

vil



in [73] and from r-fuzzy semi-open sets in (X, 7;),7 = 1,2 [45, 52|, several
examples are given to clarify these results. In addition, this new class
of r-fuzzy semi-open sets construct a new type of supra fuzzy closure
operator and then create a new supra smooth topology finer than 7,
(see Theorem 1.2.5). Finally, different types of fuzzy semi-continuity are
introduced and studied.

Chapter 2, is devoted to introduce and study the notion of - gener-
alized (resp. r-f-generalized) fuzzy closed sets in smooth bitopological
spaces. Each notion is presented by two ways. By means in the first way
the notion introduced in (X, 71, 72) by using 7;, 7,4, j = 1,2,7 # j. In the
second way the induced supra smooth topological space (X, 112) is used
to introduced the notion for smooth bitopological space. The notion
of r-generalized (resp. r-0-generalized) fuzzy closed sets that defined in
smooth bitopological space by the first way is independent from that
defined by the second way (see Examples 2.2.1, 2.2.2, 2.5.5 and 2.5.6).
This means we got four new classes of r-generalized fuzzy closed sets
in smooth bitopological space. The relationships between the present
notions of r-generalized fuzzy closed sets, r-6-generalized fuzzy closed
sets and the notions that introduced in [43, 44] are given with many ex-
amples. Furthermore, each class of r-generalized (resp. r-6-generalized)
fuzzy closed sets that defined by the first way is used to define a new
generalized fuzzy closure operator on X and a new smooth topology on
X. While class of r-generalized (resp. r-6-generalized) fuzzy closed sets
that defined by the second way is used to define a new generalized supra
fuzzy closure operator on X and a new supra smooth topology on X.

Chapter 3, is an application part of the concepts presented in Chap-
ter 2. In this chapter, we introduce and study the concept of (i,7)-
G F-continuous (resp. irresolute) mappings. Also, a new class of fuzzy
mappings, namely (i, j) strongly-6-fuzzy continuous (resp. (i,j)-0-GF-
continuous and (7, j)-0-G F-irresolute) mappings are introduced, basic
properties and the relations between them are studied. Furthermore,
some types of F'P*-0-continuous mappings, namely almost strongly 6-
continuous (resp. #-continuous and weakly 6-continuous) mappings are
introduced in the light of the concepts of quasi-coincidence and the no-
tion of CY-fuzzy closure operator, and some of their properties have
investigated. Also, we introduce GF P*-continuous (resp. open, closed
and irresolute) mappings, GF P*-0-continuous (resp. irresolute) map-
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pings and F'P*-strongly-#-continuous mappings on smooth bitopological
spaces and discuss their properties in detail. Finally, all the possible re-
lationships between all types mentioned above have been studied with
many examples of reverse.

Chapter 4, the first aim of this chapter is introduced the concept of
fuzzy pairwise separation axioms FPT;,1 = 0,1,2,3,4 in fuzzy bitopo-
logical spaces as a generalized to separation axioms [10, 11] in Chang’s
fuzzy topological spaces. These separation axioms are related to usual
points, ordinary subsets and also a fuzzy neighborhood filter of Gahler
[17]. These presented separation axioms are good extension in the sense
of Lowen [59]. It is important to note that in [10, 11], the authors
pointed out some incorrect results and then used it to show the impli-
cation between these axioms, i.e., every T;-space is T;_1-space (i = 3,4),
in Remark 4.1.2 we see that this results is not true in general. In our
study, the condition for which Tj-space = T;_; (i = 3,4) is given and
we pointed out these incorrect results in [87].

The second aim of this chapter is to extend the separation axioms in
[10, 11] to smooth topological (resp. bitopological) spaces which is the
focus of our thesis. In order to achieve this, we extend the notion of fuzzy
neighborhood filter of Géhler [17] to smooth topological spaces (see Def-
inition 4.2.1), and used it to define separation axioms 7;,7 = 0, 1,2, 3, 4.
These separation axioms are good extension in sense of Aygiin et al. [6].
Moreover, the initial smooth topological space of a family of T;-spaces,
1 =0,1,2,3,4, is also a Tj-space. Finally, the relationship between T;-
axioms ¢ = 0, 1,2, 3,4 are obtained with some examples for clarification.

Chapter 5, will be dedicated to the study of the concept of com-
pactness in smooth bitopological spaces. We use the concept of r-
(7;, 7;)-fuzzy semi-open sets and smooth ideals to introduce new types of
compactness, namely F'PSZ-compact, F'PSZ-Lindelof, F PZ-S-closed
and F P-countably SZ-compact that generalize to F'P.S-compact, F'P.S-
Lindelof, FP-S-closed and F P-countably S-compact respectively. As
will as we have F'PSC(Z)-compact which is not a generalize for F'PSC-
compact (see Example 5.2.1). The relationship between these types of
compactness and those introduced in [78] are studied. Also, the proper-
ties and characterizations are investigated. Finally, the behavior of these
types of compactness under some types of mappings is also investigated.
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Chapter 6, concern to the concept of fuzzy proximity theory. We in-
troduce the notion of smooth biproximity space (X, d1,d2), where 6;,7 =
1,2 is a gradation proximity in the sense of Ghanim et al. [29]. Then,
we generate a supra smooth proximity space (X,d12) from (X, dy,d).
We discuss the supra smooth topological structure (X, 75,,) based on
this supra smooth proximity. It will be shown that the induced supra
smooth topology (X, 7s,,) are FR;-space, i = 0,1,2,3 and FT;-space,
i =0,1,2,3,4 in [75]. Moreover, for each smooth bitopological space
which is F'P*T}y, the induced supra smooth topological space is a supra
smooth proximal. Moreover, the notion of F'P-(resp. FP*-) proxim-
ity map are introduced. In addition, the concept of P-smooth quasi-
proximity is introduced and study its basic properties. We discuss
the structure of smooth bitopological space based on P-smooth quasi-
proximity. Finally, some generalizations of the concept of gradation
proximity in view of Ghanim et al. [29] are introduced, precisely a
smooth K-proximity space, a Leader and a Lodato smooth proximity
spaces. Also, we study some properties of these types.
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