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جامعة عين شمس 
كلية العلوم 

كلمة شكر 

أشكر االله سبحانه وتعالى على توفيقي في إتمام هذه العمل وأسأله أن يكون في 
ميزان حسناتي. 

 

أغتنم هذه الفرصة للتعبير عن خالص امتناني للمشرف الرئيس الأستاذ الدكتور 
 على تفضله بالإشراف عليَّ إشرافًا مثمرًا أغنى الرسالة وأغنى محمدعبد العظيم سعود

عقلية إنجاز البحث العلمي لديَّ ، فلقد كان نعمَ المعلِّم و الناصح و الناقد و 
المصوِّب أثناء إعداد الرسالة و كان بجانبي وساندني طوال الوقت ولقد أفدت من 

علمه وأدبه. 

 

 على تشجيعه الدائم. علاء عبد المقصود كما أشكر المشرف الثاني الدكتور

 

وأتوجه بالشكر موصولاً لأبي وأمي لأ �ما السبب في ايصالى إلى هذه المرتبة. 

وأشكر زوجتي لصبرها على الغربة وعو�ا الدائم لي ، كذلك أشكر ولديَّ وقرة عيني 
عبد القادر والليث على تحملهما انشغالي عنهما. 
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Chapter One  

Introduction 

1.1 Some fundamentals in graph theory: 

1.1.1 Definitions[30]: 

A simple graph𝐺𝐺 consists of a non-empty finite set 𝑉𝑉(𝐺𝐺)of 

elements called vertices (or nodes), and a finite set 𝐸𝐸(𝐺𝐺)of 

distinct unordered pairs of distinct elements of 𝑉𝑉(𝐺𝐺)called 

edges. We call 𝑉𝑉(𝐺𝐺) the vertex set and 𝐸𝐸(𝐺𝐺) the edge setof 𝐺𝐺. 

An edge {𝑣𝑣,𝑤𝑤}is said to join the vertices 𝑣𝑣and 𝑤𝑤, and is 

usually abbreviated to 𝑣𝑣𝑣𝑣. For example, Figure1.1 represents 

the simple graph 𝐺𝐺 whose vertex set 𝑉𝑉(𝐺𝐺)is {𝑢𝑢,𝑣𝑣,𝑤𝑤, 𝑧𝑧}, and 

whose edge set 𝐸𝐸(𝐺𝐺)consists of the edges 𝑢𝑢𝑢𝑢,𝑢𝑢𝑢𝑢,𝑣𝑣𝑣𝑣and 𝑤𝑤𝑤𝑤. 

 

 

 

 

 

In any simple graph there is at most one edge joining a given 

pair of vertices. However, many results that hold for simple 

𝑢𝑢 

𝑣𝑣 𝑤𝑤 

𝑧𝑧 

Figure 1.1 
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graphs can be extended to more general objects in which two 

vertices may have several edges joining them. In addition, we 

may remove the restriction that an edge joins two distinct 

vertices, and allow loops -edges joining a vertex to itself.  

The resulting object, in which loops and multiple edges-are 

allowed, is called a general graph - or, simply, a graph. Thus 

everysimple graph is a graph, but not every graph is a simple 

graph. 

Anyway through chapters 2,3,4 and 5,wherever we say 

“graph”we mean “simple graph”. 

Also it is essential to mention that we refer to a graph 𝑮𝑮 as 

𝑮𝑮(𝑽𝑽(𝑮𝑮),𝑬𝑬(𝑮𝑮))or 𝑮𝑮(𝒑𝒑,𝒒𝒒), where 

𝒑𝒑 = |𝑽𝑽(𝑮𝑮)|(= orderof 𝑮𝑮), 𝒒𝒒 = |𝑬𝑬(𝑮𝑮)|(= size of 𝑮𝑮). 

Isomorphism 

Two general graphs 𝐺𝐺1 and 𝐺𝐺2 are isomorphic if there is a one-

one correspondence between the vertices of 𝐺𝐺1 and those of 𝐺𝐺2 

such that the number of edges joining any two vertices of 𝐺𝐺1, is 

equal to the number of edges joining the corresponding vertices 

of 𝐺𝐺2. Thus the two graphs shown in Figure1.2 are isomorphic 

under the correspondence𝑢𝑢 ↔ 𝑙𝑙,𝑣𝑣 ↔ 𝑚𝑚,𝑤𝑤 ↔ 𝑛𝑛, 𝑥𝑥 ↔ 𝑝𝑝,𝑦𝑦 ↔

𝑞𝑞, 𝑧𝑧 ↔ 𝑟𝑟 
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Connectedness 

We can combine two graphs to make a larger graph. If the two 

graphs are 𝐺𝐺1  =  �𝑉𝑉(𝐺𝐺1),𝐸𝐸(𝐺𝐺1)�and 𝐺𝐺2  =  (𝑉𝑉(𝐺𝐺2),𝐸𝐸(𝐺𝐺2)), 

where 𝑉𝑉(𝐺𝐺1)and 𝑉𝑉(𝐺𝐺2)are disjoint, then their union𝑮𝑮𝟏𝟏 ∪  𝑮𝑮𝟐𝟐 is 

the graph with vertex set 𝑉𝑉(𝐺𝐺1 ) ∪  𝑉𝑉(𝐺𝐺2) and edge family 

𝐸𝐸(𝐺𝐺1 ) ∪  𝐸𝐸(𝐺𝐺2)(seeFigure 1.3). 

Thusa graph is connectedif it cannot be expressed as the union 

of two graphs, and disconnected otherwise. Clearly any 

disconnected graph 𝐺𝐺 can be expressed as the union of connected 

graphs. 

 

 

 

 

 

 

𝑢𝑢 𝑣𝑣 𝑤𝑤 

𝑧𝑧 𝑥𝑥 𝑦𝑦 

𝑝𝑝 𝑙𝑙 

𝑚𝑚
 

𝑛𝑛 𝑞𝑞
 

𝑟𝑟 

Figure 1.2 

∪ = 

𝑥𝑥 

𝑦𝑦 𝑢𝑢 

𝑣𝑣 

𝑤𝑤 

𝑢𝑢 

𝑣𝑣 

𝑤𝑤 

𝑥𝑥 

𝑦𝑦 

Figure 1.3 
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Adjacency 

We say that two vertices 𝑣𝑣 and 𝑤𝑤of a graph 𝐺𝐺are adjacent if 

there is an edge 𝑣𝑣𝑣𝑣 joining them, and the vertices 𝑣𝑣 and 𝑤𝑤 

are thenincident with such an edge. Similarly, two distinct 

edges 𝑒𝑒and 𝑓𝑓are adjacent if they have a vertex in common 

(see Figure 1.4). 

 

 

 

 

The degree of a vertex 𝑣𝑣 of 𝐺𝐺 is the number of edges 

incident with 𝑣𝑣, and is written deg(𝑣𝑣); in calculating the 

degree of 𝑣𝑣, weusually make the convention that a loop at 𝑣𝑣 

contributes 2 (rather than 1) to the degree of 𝑣𝑣. A vertex of 

degree 0 is an isolated vertex and a vertex of degree 1 is an 

end-vertex.  

Note:in any graph the sum of all the vertex-degrees is an 

even number - in fact, twice the number of edges, since each 

edge contributes exactly 2 to the sum. This resultis called the 

handshaking lemma. An immediate corollary of the 

handshaking lemma is that in any graph the number of 

vertices ofodd degree is even. 

 

𝑣𝑣 𝑤𝑤 𝑒𝑒 
𝑓𝑓 

Adjacent vertices Adjacent edges 

Figure 1.4 
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Subgraphs 

A subgraph of a graph 𝐺𝐺 is a graph, each of whose vertices 

belongs to 𝑉𝑉(𝐺𝐺) and each of whose edges belongs to 𝐸𝐸(𝐺𝐺). 

Thus in Figure 1.5the graph  (𝑎𝑎)is a subgraph of the graph(𝑏𝑏), 

but is not a subgraph of the graph (𝑐𝑐), since the latter graph 

contains no 'triangle= 𝐶𝐶3 '. 

 

 

 

 

 

1.1.2 Some important types of graphs[30] 

Null graphs 

A graph whose edge-set is empty is a null graph. We denote 

the null graph on 𝑛𝑛vertices ,(of “order” 𝑛𝑛), by 𝑁𝑁𝑛𝑛  or 𝐾𝐾�𝑛𝑛 .  

Complete graphs 

A simple graph in which each pair of distinct vertices are 

adjacent is a complete graph. We denote the complete graph of 

order 𝑛𝑛by 𝐾𝐾𝑛𝑛 . Realize that 𝐾𝐾𝑛𝑛  has �𝑛𝑛2� = 𝑛𝑛(𝑛𝑛— 𝑙𝑙)/2 edges. 

Cycle graphs andpath graphs 

A connected graph that is regular of degree 2 is a cycle graph. 

Figure 1.5 

(𝒂𝒂) (𝒃𝒃) (𝒄𝒄) 



8 
 

We denote the cycle graph of order 𝑛𝑛by 𝐶𝐶𝑛𝑛 . The graph 

obtained from 𝐶𝐶𝑛𝑛  by removing an edge is the path graph of 

order 𝑛𝑛, denoted by 𝑃𝑃𝑛𝑛 . The graphs 𝐶𝐶6 and𝑃𝑃6 are shown 

inFigure 1.6.𝑪𝑪𝟑𝟑is called Triangle. 

 

 

 

Bipartite graphs 

If the vertex set of a graph 𝐺𝐺 can be split into two disjoint sets 

𝐴𝐴 and 𝐵𝐵so that each edge of 𝐺𝐺 joins a vertex of 𝐴𝐴 and a vertex 

of 𝐵𝐵, then 𝐺𝐺 is a bipartite graph. Alternatively, a bipartite 

graph is one whose vertices can be colouredblack and white in 

such a way that each edge joins a black vertex (in 𝐴𝐴) and a 

white vertex (in 𝐵𝐵). A complete bipartite graph is a bipartite 

graph in which each vertex in 𝐴𝐴 is joined to each vertex in 𝐵𝐵by 

just one edge. We denote the bipartite graph with 𝑟𝑟black 

vertices and 𝑠𝑠white vertices by 𝐾𝐾𝑟𝑟 ,𝑠𝑠;𝐾𝐾1,3, 𝐾𝐾2,3and 𝐾𝐾3,3are shown 

in Figure1.7. Note that 𝐾𝐾𝑟𝑟 ,𝑠𝑠has 𝑟𝑟 +  𝑠𝑠vertices and 𝑟𝑟𝑟𝑟edges. 

 

 

 

 

 

Figure 1.6 

𝐾𝐾3,3 𝐾𝐾1,3 𝐾𝐾2,3 

Figure 1.7 
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It is usefulhere to mention the lemma stating that every 

bipartite graph contains no odd cycles ( = cycles of odd order). 

As a similar argument of a bipartite graph, a graph 𝐺𝐺 is 𝒌𝒌-

partite graph, 𝑘𝑘 ≥ 3, if it is possible to partition 𝑉𝑉(𝐺𝐺) into 𝑘𝑘 

subsets 𝑉𝑉1,𝑉𝑉2, … ,𝑉𝑉𝑘𝑘  (called partite sets) such that every 

element of 𝐸𝐸(𝐺𝐺) joins a vertex of 𝑉𝑉𝑖𝑖  to a vertex of  𝑉𝑉𝑗𝑗 ,𝑖𝑖 ≠ 𝑗𝑗. 

A complete 𝒌𝒌-partite graph𝐺𝐺 is a 𝑘𝑘-partite graph with partite 

sets 𝑉𝑉1,𝑉𝑉2, … ,𝑉𝑉𝑘𝑘 , having the added property that if 𝑢𝑢 ∈ 𝑉𝑉𝑖𝑖  and 

𝑣𝑣 ∈ 𝑉𝑉𝑗𝑗 , 𝑖𝑖 ≠ 𝑗𝑗, then 𝑢𝑢𝑢𝑢 ∈  𝐸𝐸(𝐺𝐺). If |𝑉𝑉𝑖𝑖 | = 𝑛𝑛𝑖𝑖 , then this graph is 

denoted by 𝑲𝑲𝒏𝒏𝟏𝟏,𝒏𝒏𝟐𝟐,…,𝒏𝒏𝒌𝒌. 

Trees 

Aforest is a graph that contains no cycle and a connected forest 

is a tree. 

 

The complement of a simple graph 

If 𝐺𝐺 is a simple graph with vertex set 𝑉𝑉(𝐺𝐺), its complement 

𝑮𝑮�is the simple graph with vertex set 𝑉𝑉(𝐺𝐺) in which two 

vertices are adjacent if and only if they are not adjacent in 𝐺𝐺. 

1.1.3 Definitions of two operations on graphs[6] 

1) The corona 𝐺𝐺1⨀𝐺𝐺2of two graphs 𝐺𝐺1 and 𝐺𝐺2was defined 

by Frucht and Harary as the graph 𝐻𝐻 obtained by taking 

one copy of 𝐺𝐺1 (which has 𝑝𝑝 vertices) and 𝑝𝑝 copies of 

𝐺𝐺2, and then joining the 𝑖𝑖𝑡𝑡ℎ  vertex of 𝐺𝐺1 to every vertex 
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in the 𝑖𝑖𝑡𝑡ℎ  copy of 𝐺𝐺2.(See Figure 1.8). 

 

 

 

 

 

 

 

2) The Cartesian product𝐺𝐺 =  𝐺𝐺1  ×  𝐺𝐺2 has 𝑉𝑉(𝐺𝐺)  =

 𝑉𝑉(𝐺𝐺1) × 𝑉𝑉(𝐺𝐺2), and two vertices (𝑢𝑢1,𝑢𝑢2) and (𝑣𝑣1,𝑣𝑣2) 

of 𝐺𝐺 are adjacent if and only if either 

𝑢𝑢1 = 𝑣𝑣1 and 𝑢𝑢2𝑣𝑣2 ∈ 𝐸𝐸(𝐺𝐺2) or  

𝑢𝑢2 = 𝑣𝑣2 and 𝑢𝑢2𝑣𝑣2 ∈ 𝐸𝐸(𝐺𝐺1). See Figure 1.9 

 

 

 

 

1.2 Introduction to graph labeling 

A graph labeling is an assignment of integers to the vertices or 

edges, or both, subject to certain conditions. 

𝐺𝐺1: 𝐺𝐺2: 𝐺𝐺1⨀𝐺𝐺2: 𝐺𝐺2⨀𝐺𝐺1: 

Figure 1.8  Two graphs and their coronas 

𝐺𝐺1 × 𝐺𝐺2: 

(𝑢𝑢1,𝑢𝑢2) (𝑢𝑢1,𝑣𝑣2) (𝑢𝑢1,𝑤𝑤2) 

(𝑣𝑣1,𝑢𝑢2) (𝑣𝑣1,𝑣𝑣2) (𝑣𝑣1,𝑤𝑤2 ) 

𝐺𝐺1: 𝐺𝐺2: 
𝑣𝑣1 

𝑢𝑢1 

𝑣𝑣2 

𝑤𝑤2  

𝑢𝑢2 

Figure 1.9  The product of two graphs 



11 
 

Most graph labeling methods trace their origin to one 

introduced by Rosa [15]in 1967, or one given by Graham and 

Sloane [5] in 1980. Rosa [15]called a function f a 𝛽𝛽-valuation 

of a graph 𝐺𝐺 with 𝑞𝑞 edges if f is an injection from the vertices 

of G to the set {0, 1, . . . , 𝑞𝑞} such that, when each edge xy is 

assigned the label |𝑓𝑓(𝑥𝑥)  − 𝑓𝑓(𝑦𝑦)|, the resulting edge labels are 

distinct. Golomb [4] subsequently called such labelings 

graceful and thisis now the popular term. Rosa introduced β-

valuations as well as a number of other labelings as tools for 

decomposing the complete graph into isomorphic subgraphs. In 

particular, β-valuations originated as a means of attacking the 

conjecture of Ringel [14] that 𝐾𝐾2𝑛𝑛+1 can be decomposed into 

2𝑛𝑛 +  1 subgraphs that are all isomorphic to a given tree with 

n edges. Although an unpublished result of  Erdös says that 

most graphs are not graceful (cf. [5]), most graphs that have 

some sort of regularity of structure are graceful. Sheppard [26] 

has shown that there are exactly 𝑞𝑞! gracefully labeled graphs 

with 𝑞𝑞edges. Balakrishnan and Sampathkumar [1] have shown 

that every graph is a subgraph of a graceful graph. Rosa 

[15]has identified essentially three reasons why a graph fails to 

be graceful: (1) 𝐺𝐺 has “too many vertices” and “not enough 

edges,” (2) 𝐺𝐺 “has too many edges,” and (3)𝐺𝐺 “has the wrong 

parity.” An infinite class of graphs that are not graceful for the 

second reason is given in [2]. As an example of the third 
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condition Rosa [15]has shown that if every vertex has even 

degree and the number of edges is congruent to 1 or 2 (mod 4) 

then the graph is not graceful. In particular, the cycles 𝐶𝐶4𝑛𝑛+1 

and 𝐶𝐶4𝑛𝑛+2 are not graceful. 

Seoud and Wilson [19] have shown that 𝐶𝐶3 ∪ 𝐾𝐾4,𝐶𝐶3 ∪ 𝐶𝐶3 ∪ 𝐾𝐾4, 

and certain graphs of the form 𝐶𝐶3 ∪ 𝑃𝑃𝑛𝑛and 𝐶𝐶3 ∪ 𝐶𝐶3 ∪ 𝑃𝑃𝑛𝑛  are not 

graceful. Seoud and Youssef [22] investigated the gracefulness 

of specific families of the form 𝐺𝐺 ∪ 𝐾𝐾𝑚𝑚 ,𝑛𝑛  They obtained the 

following results: 𝐶𝐶3 ∪ 𝐾𝐾𝑚𝑚 ,𝑛𝑛  is graceful if and only if 𝑚𝑚 ≥ 2 

and 𝑛𝑛 ≥ 2;𝐶𝐶4 ∪ 𝐾𝐾𝑚𝑚 ,𝑛𝑛 is graceful if and only if (𝑚𝑚,𝑛𝑛) ≠ (1,1); 

𝐶𝐶7 ∪ 𝐾𝐾𝑚𝑚 ,𝑛𝑛  and 𝐶𝐶8 ∪ 𝐾𝐾𝑚𝑚 ,𝑛𝑛are graceful forall 𝑚𝑚 and 𝑛𝑛; 𝑚𝑚𝑚𝑚3 ∪

𝑛𝑛𝑛𝑛1,𝑟𝑟  is not graceful for all 𝑚𝑚, 𝑛𝑛 and 𝑟𝑟; 𝐾𝐾𝑖𝑖 ∪ 𝐾𝐾𝑚𝑚 ,𝑛𝑛  is graceful 

for𝑖𝑖 ≤ 4 and𝑚𝑚 ≥ 2; 𝑛𝑛 ≥ 2 except for 𝑖𝑖 = 2 and (𝑚𝑚,𝑛𝑛) =

(2,2); 𝐾𝐾5 ∪ 𝐾𝐾1,𝑛𝑛  is graceful for all 𝑛𝑛; 𝐾𝐾6 ∪ 𝐾𝐾1,𝑛𝑛 is graceful if 

and only if 𝑛𝑛 is not 1 or 3. 

Harmonious graphs naturally arose in the study by Graham and 

Sloane [5] of modular versions of additive bases problems 

stemming from error-correcting codes. They defined a graph 𝐺𝐺 

with 𝑞𝑞 edges to be harmonious if there is an injection 𝑓𝑓 from 

the vertices of 𝐺𝐺 to the group of integers modulo 𝑞𝑞 such that 

when each edge 𝑥𝑥𝑥𝑥 is assigned the label 𝑓𝑓(𝑥𝑥)  +  𝑓𝑓(𝑦𝑦) (mod 

𝑞𝑞), the resulting edge labels are distinct. When 𝐺𝐺 is a tree, 

exactly one label may be used on two vertices. Analogous to 
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the “parity” necessity condition for graceful graphs, Graham 

and Sloane proved that if a harmonious graph has an even 

number 𝑞𝑞 of edges and the degree of every vertex is divisible 

by 2𝑘𝑘  then 𝑞𝑞 is divisible by 2𝑘𝑘+1. Liu and Zhang [12]have 

generalized this condition as follows: if a harmonious graph 

with 𝑞𝑞 edges has degree sequence 𝑑𝑑1,𝑑𝑑2, . . . ,𝑑𝑑𝑝𝑝  then 

gcd(𝑑𝑑1,𝑑𝑑2, . . .𝑑𝑑𝑝𝑝 , 𝑞𝑞) divides 𝑞𝑞(𝑞𝑞 − 1)/2. They have also 

proved that every graph is a subgraph of a harmonious graph. 

Determining whether a graph has a harmonious labeling was 

shown to be NP-complete by Auparajita, Dulawat, and Rathore 

in 2001 (see [10]). 

Seoud and Youssef [25] define a closed helm as the graph 

obtained from a helm by joining each pendant vertex to form a 

cycle and a flower as the graph obtained from a helm by joining 

each pendant vertex to the central vertex of the helm. They  

prove that closed helms and flowers are harmonious when the 

cycles are odd. A gear graph is obtained from the wheel 𝑊𝑊𝑛𝑛  by 

adding a vertex between every pair of adjacent vertices of the 

𝑛𝑛-cycle. Seoud and Youssef [23] have shown that the one point 

union of a triangle and 𝐶𝐶𝑛𝑛  is harmonious if and only if 𝑛𝑛 ≡

 1 (𝑚𝑚𝑚𝑚𝑚𝑚 4) and that if the one-point union of two cycles is 

harmonious then the number of edges is divisible by 4. The 

question of whether this latter condition is sufficient is 

open.Seoud and Youssef [24] proved that 𝑃𝑃𝑛𝑛⨁𝐾𝐾2��� is graceful 


