Cairo University
Institute of Statistical Studies and Research
Department of Mathematical Statistics

On Parameters Estimation of Generalized
Pareto Distribution

By

Ekramy Ahmed Hussein

Supervised by

Dr. Abdullah Mohamed Abdul Fattah

Associate professor of Mathematical Statistics
Institute of statistical studies and research

Dr. ELsayed Ahmed Elsherpieny
Associate professor of Mathematical Statistics
Institute of statistical studies and research

A Thesis Submitted To the Institute of Statistical Study and Research, In
Partial Fulfillment of the Requirements for the Master Degree of Science
in Statistics in the Department of Statistics

2010



APPROVAL SHEET

On Parameters Estimation of Generalized
Pareto Distribution

By

Ekramy Ahmed Hussein

This Thesis for the Degree of Master in Mathematical Statistics,
Institute of Statistical Studies and Research, Cairo University,

has been approved by:

Name Signature

Prof. Samia Abo El-Fetouh Salem .
Prof. Ahmed Fouad Attia
Dr. EL-Sayed Ahmed EI-Sherpieny .



ACKNOWLEDGEMENT

First, |1 pray and thank my God " ALLAH " for his uncountable
gifts to me, without his assistance | could not be able to do any thing,

much more thanks are to him.

| am extremely grateful to my supervisor Dr. Abdullah Mohamed
Abdel-Fattah for his sincere help and his effort during his supervision of
this thesis, constructive discussions, and especially for his invaluable

remarks and encouragement which had been of great help to me.

| am deeply indebted to Dr. EL-Sayed Ahmed EI-Sherpieny for his
help, stimulating suggestions and encouragement helped me during all the

time of research and writing of this thesis.

Moreover, | wish to express my sincere appreciation to my family
for their constant encouragement, trying to save a lot of time for me to

complete my thesis.

Finally, I would like to express my gratitude to all those who gave

me the possibility to complete this thesis.



SJ_M_H‘ A—I.AIA.
MI—AAY\ & gl g bl o Y 9
—al—y ) el aal) o b

aaral) b o = j 9 Al T (e

- 1| 25 { T Y|

G—ad a3 el 4l |

- -

Js—Sal) JS——iSal}
P TR, A WPV JUSIVON | il e s dila—e

4 AL aaWl &g \j“j tl!l._.u:\_)l_“ REVY DY 4 Al g .“\‘5 QL_M,\JJ_“ \ 420
salald .l o byal _dlld s o

;\_.A;:}H ‘5A ‘HMALA\ AA.JJ «L\\._Maid Y1 A<';m;\ 4l m‘)j\ oA Ca o) 8

4 POA EN a f\\ aay| g"_}; \.‘“) <l “‘UJJ\ A _g=xa - (ﬁ—"é\ﬁ‘)&\
'&)_.QL_EJ\

2010



o pall il
parall ghjb a6 allaa ol e

3 (1929-1848) Vilfredo Pareto  (Jdan¥) (sabaid¥l alladl I a5 63l 138 oy
Chalaill | S Ylae (B 0l W) a5 sl 138 Colalaiiias) 418 (g o )1 e 5 a5 530 138 (sl qua g
3)skade S Ladic Incomes Jsaall a )55 Al )3 JAA (e SLaBY) & guim 50 (8 La guad
|15 il (1983) A A 5if 138 Alial (pa 5 ¢ Adlide JSA) 520 )5 330 @ Jia g sl
38l g sl 1ag) Adlain Y A8USI Al ge JRl) g ) 58 (lane (8 Aaladiinly o ) 3 saall a5
Gl g
AR A1y S 1) allee 0 g S A GBhsE S5 X sl il o) Uy
Al J<al 38l X puatall llaay)

~(a+1)
f(xa, B,1)= %(H(X;;;LB x>A ,B>0,a>0

padl b a5 e
GOkl sk s my sl m) s Al das JSS alaadiul S AT Nl o2 (B
- oh WS allas
LB Ay oS 1Y Alee )b s b e S A @y E dsh X Asdadl uidl o) J&
Sl Ol Al X sl dllaiay)

ca c —(a+1)
wosea s (2

scale _g=i B « Location parameter Lisd } s J<x<o ,8>0 a>0,C>0

shape parameter o= (a,C). parameter

G i s b Ld A8 )l e LIS e Jai Wiy s )l a5l Allall o3a el
sie Jie ddlida asis allaall e (i sxills 5 AY) 1l ian e J gean) Al 528 JM&
4Lx=YUThree Parameters Pareto Distribution e Jwasi (C=1) el ge L sl

SA i



eSS Aa b sl alla sl lly g o all 48y 5 LYY ASY) 3yl (g0 IS alakiiad
3 siall iligal) 5 ALalSl) ligal

Ll 8 Al 5l o3 (e i 5 Caagl) iage & ol gl A (pe Al pall 038 () oS5
Al pal i dally, Crandiinal (Al el 5 el (ans (e o5 S L)L Y)Y
ilanyl daillad A 505 & el £3 salll (e &5 aol I Gld) ) Gl 4 je S5
DA e ALl el Al &Sl ¢ a g all g alae ) YT ) ke aladiuly dallae i
Aallae a8 SIS 5 ¢ oyl 3 paill Ailian ) (aibiadl) dul 2 &5 Gualad) QU1 ga2e Jha
e 58 e Lol Apaae Al DA e s ) saad) il Alla 8 Sllh g ¢ o jall A8yl aladinly
(e A sana A (e alae Y1 GSRY) A Hha alasiinly 3 ) siaal) i) s 8~ sl #35
combadl QUL du je a3 Fpanel) A1LY)



Contents

CHAPTER (I) INTROUDUCTION ... 1
CHAPTER (1) DEFINITIONS AND NOTATION .........coviviiiinnn 3
(2.1) Some Properties of Point Estimation ...................ocoeiiiiiiinnenn. 3
(2.2) Some Methods of Point Estimation ................ccoooiiiiiiininn... 6
(2.2.1) Method of MOMENES ......oviiriiiiiii e 7
(2.2.2) Maximum Likelihood Method ..................cooiiiiil, 8
(2.2.3) Bayesian Method of Estimation ...................c.ooiin 10
(2.3) Interval EStimation ...........coooiiiiiiiiiii e 11

CHAPTER (I11) PARETO DISTRIBUTION A LITERATURE REVIEW ... 14

(3.1) The Pareto Distribution ............ccoiiiiiiiiiiii e, 14
(3.2) The Generalized Pareto Distribution .................ocooiiiiiiin... 18
(3.3) Parameters Estimation of GPD ...t 22

CHAPTER (1V) THE FOUR PARAMETERS PARETO DISTRIBUTION 25

(4.1) Four Parameters of Pareto Distribution ..................cooial. 25
(4.1.1) Some Properties of GPD  ........cooviiiiiiiiiii e, 26
(4.1.2) Some Special CaseS ........coivriiiiiiiiiiii 28
(4.1.3) Some Transformed Distributions .............................. 29

(4.2) Estimation of the Parameters .............cooiiiiiiiiiiiiiiiiii, 30
(4.2.1) The Maximum Likelihood Estimators (MLE) ................. 30

(4.2.2) Confidence Interval for Generalized Pareto Parameters ...... 33
(4.2.3) The Moment EStimators ..............cooeeveiiiiiniiiiiiinienin, 34

(4.3) Hlustrative Example ... 35



CHAPTER (V) MOMENT ESTIMATION FOR THE UNKNOWN
PARAMETERS OF THE TRUNCATED GENERALIZED PARETO

DISTRIBUTION ... e 38
(5.1) Statistical Properties for Truncated GPD .............ccevvueveeeennnn.. 38
(5.2) Estimation of the Parameters .............ccoooveiiiiiiiiiiiiiieiiiinn, 47
(5.3) Hlustrative Examples ... 51

CHAPTER (VI) MAXIMUM LIKELIHOOD ESTIMATORS FOR THE
UNKNOWN PARAMETERS OF THE TRUNCATED GENERALIZED
PARETO DISTRIBUTION ..., 54

(6.1) Estimation for the Unknown Parameters for the Doubly Truncated =~ 54

(6.2) Hlustrative Example .. ..., 60
REFERENCES ..., 65
‘ﬁjd\ uaﬂ.d\



Chapter (1)
Introduction

The Pareto distribution was introduced by Pareto (1897) to develop
representation of the income distribution and can be used to represent various
other forms of distributions (other than income-data) that arise in human life. It
has played a very important role in the investigation of city population sizes,
occurrence of natural resources, insurance-risk, business failures etc. Arnald &
Press (1983) gives an extensive historical survey of its use in the context of
income-distribution as three parameters Pareto distribution. Abdul Fattah,
Elsherpieny, and Hussein (2007) generalized the three parameters Pareto
distribution by adding another shape parameter and studied the properties of the

suggested distribution as well as its relations with other.

The main objective of this thesis is to estimate the unknown parameters of

the generalized Pareto distribution using complete and truncated distribution.

It is observed that the four parameters Pareto distribution can be specialized
to many distributions and some compound distributions. For the complete and
truncated generalized type of Pareto models, some of its properties are
investigated. The problem of obtaining the maximum likelihood and moment
estimators of the unknown parameters for complete and truncated distribution is

considered, numerical examples are presented to illustrate the new results.

This thesis consists of fife chapters plus this Introduction. Chapter Il consists
of some definitions and notation which will be used, Chapter Il Pareto
distribution a literature review. Chapter IV is concerned with the statistical
properties, the maximum likelihood and the moment estimators and confidence
interval estimators for the four parameters Pareto distribution. Chapter V deals
with the statistical properties and Moment estimators for left, right and doubly

truncated of the four parameters Pareto distribution. The maximum likelihood



estimators and their approximate asymptotic variance-covariance matrix for left,
right and doubly truncated are obtained in Chapter VI.

All computations, in this thesis were performed using computer facilities and
MATHCAD PACKAGE (2001). In all chapters 1V, V and VI, numerical
examples are provided to illustrate the theoretical results in the complete and

truncated data.



CHAPTER (I1)

Definitions and Notation

This chapter contains the most important definitions and notation used in this
thesis.

(2.1) Some Properties of Point Estimation

Various statistical properties of estimators can thus be used to decide which
estimator is most appropriate in a given situation, which will expose us to the
smallest risk, and give us the most information at the lowest cost, and so forth.
Here the properties of point estimation which are unbiasedness efficiency,
consistency and sufficiency will be reviewed.

(i) Unbiased Estimator

For any sample size, Larsen (1981) gave the following definition.
Definition (2.1)

Let (x,X,,...,x,) be a random sample fromf(x;6), an estimator
W =w(x,,X,,...,X, ) is said to be unbiased for ¢ ifEW)=6, for allg , otherwise,
it will be biased. The bias of W is defined bybias(\W )= E(W)-6, intuitively if W
is an unbiased estimator for @, then the distribution of W is centered around @,
and there is no persistent tendency to under or overestimate 9.

Definition (2.2)
Let (x.,X,,....,x,) be a random sample, whose probability density function

depends on an unknown parameter @, and let W be any statistic then the mean

square error of W is

MSEW ) = E(W —0)°)

=Var(W )+ (bias(W))’.



(it) Efficiency

In general, there may be several unbiased estimators of a parameter & for
samples of any size. Larsen (1981) gave the following definition:
Definition (2.3)

Let W, and W, be two unbiased estimator for unknown parameterd with
variances Var(W,) and Var(W, ) respectively, then W, will be more efficient than
w, if Var(w,)<Var(w,). Also, the relative efficiency of W, with respect to W,
will be defined as the ratioVar(w, )/Var(W,)

In the case of unbiased estimator, if there is one estimator from those unbiased
estimators have the minimum variance then it is called the most efficient, that is
to say, if there was a statistic W has the following properties:

1. W is unbiased estimator of unknown parameter 6

2. W has minimum variance from all the unbiased estimators of

unknown parameter 6
Then, W is called the minimum variance unbiased estimator (MVUE) and the

variance of W is the same as the following Carmer-Rao Inequality

Var(w)> 1 = 1

n.E((aln;éX;H)sz —n.E(az Ir(;ggx;e)j

Where f(.;0) is the value of the population density at xand n is the size of the

random sample
(ii1) Consistency

Suppose that X is a random variable with probability density function f(x;8)
and depends on unknown parameter@. If (x.,x,,...,x,) is a random sample of
size n from X , then the statistic W, is a consistent estimator of the parameter@,

If as the sample increase it is expected that W, approaches to the parameter.

Mendenhall et al. (1981) gave the following definition and theorem:

-4 -



Definition (2.4)

The estimator W, is said to be a consistent estimator of the parameter ¢ if, for

any positive number ¢,

lim p(w, -6 <¢)=1
or, equivalently,

lim p(W, -6 > £)=0,

nN—oo

This mean that statistic W, is a consistent estimator of the parameter 6 when

expected that the sampling distribution of W, should become increasingly

n

concentrated around the true parameter value .

Theorem (2.1)
If W, is an unbiased estimator of the parameter ¢ and Var(W,)—0 ash—o,

then W, is a consistent estimator of 6.

(iv) Sufficient Estimator
A statistic W is sufficient estimator for the unknown parameterd if W
contains all of the information about the unknown parameter ¢ that is available

in the entire data variable X . This idea is clear in the following definition.

Definition (2.5)
Let (x,,X,,...,x, )denote a random sample from a probability distribution with

unknown parameterd. Then the statisticW =w(x,,X,,...,x, ). is said to be

1%

sufficient for @ if the conditional distribution of (x,,x,,...,x,) given W does not
depend on & [Mendenhall et al. (1981)].

From definition (2.5), sufficient statistic is not very workable for the following
reasons. First, it does not tell which statistic is likely to be sufficient and second

it requires deriving a condition which may not be easy especially for continuous

random variable. So it is usually easier to base it instead on the following

-5-



factorization theorem to find sufficient statistic which was mentioned by
[Mendenhall et al. (1981)].

Theorem (2.2)

Let (x,,%,,...,X,) be a random sample of size n from the density f(;6) where
the parameter & may be a vector. A statistic W :W(xl,xz,...,xn)is sufficient if

and only if the joint density of (X, X,....,X,) which is[ ] f(x;,0), a factor as

i=1

f (X, Xy, %, )= gW,8)N(X,, X, ..., X))

where the function h(xl,xz,...,xn) does not involve the parameter € and the

function g(W,6) depends on w andé.

(2.2) Some Methods of Point Estimation:

The theory of estimation consists of these methods by which we make
inference or generalization about a population parameter. Let @ denoted the set
of all possible values of the unknown parameter & and is called the parameter
space. Suppose that we wish to estimate the population parameter @, there are
two distinct ways. First, to obtain a single number that should be close to the
unknown population parameterd , this type of estimation is called point
estimation. Second, it might say that & will fall between two numbers which are
intended to enclose the parameter of interest, this type of estimation is called
interval estimation. A point estimation procedure utilizes the information in the

sample to arrive at a single number or point that estimates the target parameter.



Definition (2.6) Point Estimation

An approximate value of a population parameter on a basic sample statistic
is called an estimator of the population parameter and it depends on the random

sample.

Definition (2.7) Statistic

A function of random sample T = u(xl,xz,...,xn) that does not depend on any

unknown parameters is called a statistic.

Definition (2.8) Estimator
A statisticT :u(xl,xz,...,xn) that is used to estimate the value of 6 and

observed value u(xl,xz,...,xn) is called an estimator of @. There are different

procedures to obtain point estimators, some of possible estimators better than the
others; different statistical properties can be used to decide which estimator is
most appropriate in a certain situation. The four criteria that optimum or best
estimators should satisfy are unbiasedness, efficiency, consistency and
sufficiency.

Some measures of statistical properties of estimator, method of maximum
likelihood and moment of estimation and Bayesian estimation will be discussed

in the following section.

(2.2.1) Method of Moments

Let (X,,X,,...,X,) be independent identically distributed random variables
with  pdf f(X,.6,,6,,...,6,) having S parameters 4,,6,,...,6, let
1)(0,,6,,...,0,)=p' =E(X") be the r" population moment (if it exists) and let

X! i
m' = 7‘ be the corresponding r" sample moment. The method of moments
i=1

consists of equating a suitable number of population moments ' to the
corresponding sample moments m' and solving the resulting equating equations

for(6,,6,,...,6,), i.e. we solve



