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انًهخص انؼشتٗ  

ػٍ ذمذيش يؼانى ذٕصيغ تاسيرٕ انًؼًى 
 

انزٖ  Vilfredo Pareto( 1848-1929)يُغة ْزا انرٕصيغ انٗ انؼانى الالرصادٖ الايطانٗ        

ٔػهٗ انشغى يٍ لهح اعرخذاياخ ْزا انرٕصيغ الا اَّ لالٗ يجالا كثيشا نهرطثيك .ٔظغ اعظ ْزا انرٕصيغ

 ػُذيا ذكٌٕ يرجأصج Incomesٔخصٕصا فٗ يٕظٕع الالرصاد يٍ خلال دساعح ذٕصيغ انذخٕل 

نيؼطٗ ذمشيشا  (1983) أخز ذٕصيغ تاسيرٕ أشكال يخرهفح ؛ ٔيٍ ايثهح ْزا أسَٕنذ عُح aنحذ يؼهٕو يثم 

ٔاعغ انًذٖ فٗ انراسيخ تإعرخذايح فٗ عياق ذٕصيغ انذخم ،ٔدانح انكثافح الاحرًانيح نٓزا انرٕصيغ ذأخز 

: انشكم انرانٗ 

 يرٕصع ٔفك دانح ذٕصيغ تاسيرٕ تثلاز يؼانى  ارا كاَد دانح انكثافح X يمال اٌ انًرغيش انؼشٕائٗ 

:  ذأخز انشكم انرانXٗالاحرًانيح نهًرغيش 

  ,,;xf   
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 ذٕصيغ تاسيرٕ انؼاو 

فٗ ْزِ انشعـــانح ذى اعرخذاو شكم جذيذ نذانح ذٕصيغ تاسيرٕ ٔيؼشف ذٕصيغ تاسيرٕ انؼاو تاستغ       

. يؼانى كًا يهٗ 

تأستغ يؼانى  ارا كاَد دانح انكثافح   يرٕصع ٔفك دانح ذٕصيغ تاسيرXٕ  يمال اٌ انًرغيش انؼشٕائٗ 

:  ذأخز انشكم انرانXٗالاحرًانيح نهًرغيش 
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    x  , 0  0 , 0C حيس   تعتبر Location parameter   ،  تعتبر  scale 

parameter,       C,    ٌيؼرثشاshape parameter  

       

        ٔذًراص ْزِ انذانح نرٕصيغ تاسيرٕ تأَٓا ذشرًم ػهٗ كثيش يٍ انذٔال انغاتمح نٓا تم َٔغرطيغ يٍ 

ػُذ  خلال ْزِ انذانح انحصٕل ػهٗ تؼط انذٔال الاخشٖ تانرؼٕيط ػٍ انًؼانى تميى يخرهفح يثم

انرؼٕيط ػٍ ليًح  1C َٗحصم ػه Three Parameters Pareto Distribution تالإظافح

إنٗ ًَارج اخشٖ  

     



ٔفيًا يرؼهك تطشق انرمذيش فمذ ذى .         ذرُأل ْزِ انذساعح يشكهح ذمذيش يؼانى ذٕصيغ تاسيرٕ انؼاو

اعرخذاو كلا يٍ طشيمح الإيكاٌ الاكثش ٔ طشيمح انؼضٔو ٔرنك نرمذيش يؼانى انرٕصيغ فٗ حانح كلا يٍ 

. انؼيُاخ انكايهح ٔانؼيُاخ انًثرٕسج

 

ذى ػشض انٓذف انشئيغٗ يٍ ْزِ انذساعح فٗ انثاب .        ذركٌٕ ْزِ انذساعح يٍ عرح اتٕاب 

تانُغثح نلإعرؼشاض انًشجؼٗ .انثاب انثاَٗ ذى ػشض تؼط انُؼاسيف ٔانشيٕص انرٗ اعرخذيد ,الأل

انثاب انشاتغ ذى ػشض انًُٕرج انًمرشح ٔدساعح خصائصح الإحصائيح . فرى ػشظّ تانثاب انثانس

انكايهح يٍ خلال   ٔذمذيش يؼانًح تإعرخذاو طشيمرٗ الإيكاٌ الأػظى ٔانؼضٔو ، ٔرنك فٗ حانح انؼيُا خ

انثاب انخايظ ذى دساعح انخصائص الإحصائيح نهًُٕرج انًمرشح ، ٔكزنك ذمذيش يؼانًح .يثال ػذدٖ 

ايا ػٍ ذمذيش يؼانى . ػذديح تإعرخذاو طشيمح انؼضٔو ، ٔرنك فٗ حانح انؼيُاخ انًثرٕسج يٍ خلال أيثهح

انُٕرج انًمرشح فٗ حانح انؼيُاخ انًثرٕسج تإعرخذاو طشيمح الإيكاٌ الأػظى يٍ خلال يجًٕػح يٍ 

. الأيثهح انؼذديح فرى ػشظّ تانثاب انغادط
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Chapter (I) 

Introduction 
 

       The Pareto distribution was introduced by Pareto (1897) to develop 

representation of the income distribution and can be used to represent various 

other forms of distributions (other than income-data) that arise in human life. It 

has played a very important role in the investigation of city population sizes, 

occurrence of natural resources, insurance-risk, business failures etc. Arnald & 

Press (1983) gives an extensive historical survey of its use in the context of 

income-distribution as three parameters Pareto distribution. Abdul Fattah, 

Elsherpieny, and Hussein (2007) generalized the three parameters Pareto 

distribution by adding another shape parameter and studied the properties of the 

suggested distribution as well as its relations with other.  

 

       The main objective of this thesis is to estimate the unknown parameters of 

the generalized Pareto distribution using complete and truncated distribution. 

 

        It is observed that the four parameters Pareto distribution can be specialized 

to many distributions and some compound distributions. For the complete and 

truncated generalized type of Pareto models, some of its properties are 

investigated. The problem of obtaining the maximum likelihood and moment 

estimators of the unknown parameters for complete and truncated distribution is 

considered, numerical examples are presented to illustrate the new results. 

 

       This thesis consists of fife chapters plus this Introduction. Chapter II consists 

of some definitions and notation which will be used, Chapter III Pareto 

distribution a literature review. Chapter IV is concerned with the statistical 

properties, the maximum likelihood and the moment estimators and confidence 

interval estimators for the four parameters Pareto distribution. Chapter V deals 

with the statistical properties and Moment estimators for left, right and doubly 

truncated of the four parameters Pareto distribution. The maximum likelihood 
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estimators and their approximate asymptotic variance-covariance matrix for left, 

right and doubly truncated are obtained in Chapter VI. 

All computations, in this thesis were performed using computer facilities and 

MATHCAD PACKAGE (2001). In all chapters IV, V and VI, numerical 

examples are provided to illustrate the theoretical results in the complete and 

truncated data. 
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CHAPTER (II) 

Definitions and Notation 

 
    This chapter contains the most important definitions and notation used in this 

thesis. 

 (2.1)   Some Properties of Point Estimation 

 

     Various statistical properties of estimators can thus be used to decide which 

estimator is most appropriate in a given situation, which will expose us to the 

smallest risk, and give us the most information at the lowest cost, and so forth. 

Here the properties of point estimation which are unbiasedness efficiency, 

consistency and sufficiency will be reviewed.  

(i) Unbiased Estimator  

     For any sample size, Larsen (1981) gave the following definition. 
 

Definition (2.1) 

      Let  nxxx ,,, 21   be a random sample from  ;xf , an estimator 

 nxxxwW ,,, 21   is said to be unbiased for   if   WE , for all  , otherwise, 

it will be biased. The bias of W  is defined by      WEWbias , intuitively if W  

is an unbiased estimator for , then the distribution ofW  is centered around , 

and there is no persistent tendency to under or overestimate . 

Definition (2.2) 

      Let  nxxx ,,, 21   be a random sample, whose probability density function 

depends on an unknown parameter , and let W  be any statistic then the mean 

square error of W  is  

  

    2
 WEWMSE  

                                 .
2

WbiasWVar   
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(ii) Efficiency 
 

      In general, there may be several unbiased estimators of a parameter   for 

samples of any size. Larsen (1981) gave the following definition: 

Definition (2.3) 

 

     Let 1W  and 2W  be two unbiased estimator for unknown parameter  with 

variances  1WVar   and  2WVar  respectively, then 1W  will be more efficient than 

2W  if    21 WVarWVar  . Also, the relative efficiency of 1W  with respect to 2W  

will be defined as the ratio    12 / WVarWVar  

    In the case of unbiased estimator, if there is one estimator from those unbiased 

estimators have the minimum variance then it is called the most efficient, that is 

to say, if there was a statistic  W  has the following properties: 

1. W  is unbiased estimator of unknown parameter   

2. W  has minimum variance from all the unbiased estimators of                         

      unknown parameter   

Then, W  is called the minimum variance unbiased estimator (MVUE) and the 

variance of W  is the same as the following Carmer-Rao Inequality 
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En
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En
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Where  .;f  is the value of the population density at x and n  is the size of the 

random sample 
 

(iii) Consistency 

    Suppose that X  is a random variable with probability density function  ;xf  

and depends on unknown parameter . If  nxxx ,,, 21   is a random sample of 

size n  from X , then the statistic nW   is a consistent estimator of the parameter , 

if as the sample increase it is expected that nW  approaches to the parameter. 

Mendenhall et al. (1981) gave the following definition and theorem: 
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Definition (2.4) 

 

     The estimator nW  is said to be a consistent estimator of the parameter   if, for 

any positive number , 

 

  ,1lim 


n
n

Wp
 

or, equivalently,       

  ,0lim 


n
n

Wp  

 

This mean that statistic nW  is a consistent estimator of the parameter   when 

expected that the sampling distribution of nW  should become increasingly 

concentrated around the true parameter value . 

 

Theorem (2.1) 
 

   If nW  is an unbiased estimator of the parameter   and   0nWVar  as n , 

then nW  is a consistent estimator of  . 

 

(iv)  Sufficient Estimator 

    A statistic W  is sufficient estimator for the unknown parameter  if W  

contains all of the information about the unknown parameter   that is available 

in the entire data variable X . This idea is clear in the following definition. 

 

Definition (2.5) 

      Let  nxxx ,,, 21  denote a random sample from a probability distribution with 

unknown parameter . Then the statistic  .,,, 21 nxxxwW   is said to be 

sufficient for   if the conditional distribution of  nxxx ,,, 21   given W   does not 

depend on    [Mendenhall et al. (1981)]. 

        

   From definition (2.5), sufficient statistic is not very workable for the following 

reasons. First, it does not tell which statistic is likely to be sufficient and second 

it requires deriving a condition which may not be easy especially for continuous 

random variable. So it is usually easier to base it instead on the following 
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factorization theorem to find sufficient statistic which was mentioned by 

[Mendenhall et al. (1981)]. 

 

Theorem (2.2) 
 

 

      Let  nxxx ,,, 21   be a random sample of size n  from the density  .;f  where 

the parameter   may be a vector. A statistic  nxxxwW ,,, 21  is sufficient if 

and only if the joint density of  nxxx ,,, 21   which is  


n

i

ixf
1

, , a factor as 

 

     nn xxxhWgxxxf ,,,,,,, 2121    

 

where the function  nxxxh ,,, 21   does not involve the parameter   and the 

function   ,Wg  depends on W  and .  

 
 

 (2.2)  Some Methods of Point Estimation:  
 

 

 

      The theory of estimation consists of these methods by which we make 

inference or generalization about a population parameter. Let   denoted the set 

of all possible values of the unknown parameter   and is called the parameter 

space. Suppose that we wish to estimate the population parameter , there are 

two distinct ways. First, to obtain a single number that should be close to the 

unknown population parameter  , this type of estimation is called point 

estimation. Second, it might say that   will fall between two numbers which are 

intended to enclose the parameter of interest, this type of estimation is called 

interval estimation. A point estimation procedure utilizes the information in the 

sample to arrive at a single number or point that estimates the target parameter.   
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Definition (2.6) Point Estimation 

 

       An approximate value of a population parameter on a basic sample statistic 

is called an estimator of the population parameter and it depends on the random 

sample. 

 

Definition (2.7) Statistic 
 

       A function of random sample  nxxxuT ,,, 21   that does not depend on any 

unknown parameters is called a statistic.  

Definition (2.8) Estimator 
 

       A statistic  nxxxuT ,,, 21   that is used to estimate the value of   and 

observed value  nxxxu ,,, 21   is called an estimator of . There are different 

procedures to obtain point estimators, some of possible estimators better than the 

others; different statistical properties can be used to decide which estimator is 

most appropriate in a certain situation. The four criteria that optimum or best 

estimators should satisfy are unbiasedness, efficiency, consistency and 

sufficiency.  

       Some measures of statistical properties of estimator, method of maximum 

likelihood and moment of estimation and Bayesian estimation will be discussed 

in the following section. 

(2.2.1)  Method of Moments 
 

       Let   nXXX ,,, 21   be independent identically distributed random variables 

with pdf   siXf  ,,,, 21     having S  parameters s ,,, 21   let  
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\  be the corresponding  thr  sample moment. The method of moments 

consists of equating a suitable number of population moments \

r  to the 

corresponding sample moments  \

rm  and solving the resulting equating equations 

for  s ,,, 21  , i.e. we solve   


