B NN DN DN DN AN N NN AN NN

i
J

a,.;.u: e |
@ ASUNET

e ] o gl | S

PYYNY
@ ASUNET

| -

it

A
!

INEEAEEATEAEIACEAE AT AN AN A



Y o Y
g e i
v @ ASUNET ‘
ot | il gl | S
{ )
: y
{ )
: y
{ )
: y
! )
: y
! )
: y
! )
: y
! )
: y
! )
: y
! )
: y
) y - p & 1
; duand) bd | i ) Gl | ;
! @ ASUNET )
: y
! . . )
| dutied (] il Gl ) St ‘
A * 3 2 l
Y Y
2 4 ¢ . o0 ‘ *

* § (oul C, - |
Y . * - . Y
g )
:

{ ? -~ .

Y

! )
: y

INEEAEEAEAEAEAEAEAEAEEAEEAE AT




) a.;.ml..-.l.u.hua-sa A
i @ ASUNET ‘
ooty | i el | et
| )
Y \
KA L o 4
Y \
o L 4
é * * v . & P é
' poul sl 1§ (el § 2| o e !
! - é

I p“‘a !
A A

; o v K e . P . 4 - P - i
LRkt § bRl i 0l (il | Dl ) pomdditad| il Qi
A e .k L " . A
v | gt dull 99 i) i daoad| Y@l id) AR (el v
A I
v v
A A
v v
A I
v v
A A
v v
| A
y " e Y
iy bl | ) bl | ot
: @ ASUNET %
&

A | )
v ) i |

L 4

: shid] o i dad) gl il 0 G |

- p

! )
| Y

;01 ‘OW<OW<O>MOW<O>MOW<O>X X‘OW<O>MOW<O>MOW<O> IOX




A prrwTr ey A
v @ ASUNET ‘
et ) il el | At
A A
| Y
A A
| !
A A
| !
A A
| !
A A
| !
A A
| !
) A
| Y
A e bl | i o) Gl | ot ‘
' @ ASUNET !
! )
Y 0 S48 Y S Y
A A
| !
A ¢ A
| !
&

) * o ¢ A
| *” Y
A A
v pon v
A A
| Y
A

; o~ 2

A

|

A A
| !

INEEAEEAEAEAEAEAEAEAEEAEEAE AT




IOI <oW<oW<o»moW<o»moW<O>W<OW<O>W<OW<O>W<OW<O> on
¢ (o}

i
J

a;;.ur e plall

@ ASUNET

e ] o gl | S

b el |
@ ASUNET

I

wid

e

A
!

INEEAEEATEAEIACEAE AT AN AN A



CONVEXITY STUDY
"IN |
" RIEMANNIAN MANIFOLDS

. THESIS
SUBMITTED TO DEPARTMENT OF MATHEMATICS
 .FACULTY OF SCIENCE, TANTA UNIVERSITY
FOR THE DEGREE OF DOCTOR OF PHILOSOPHY

: IN
(Pure Mathematics)

o BY |
~ Ibrahim Ahmed El-Bastawesy Sakr
. Assistant Lecturer, Mathematics Department
Faculty of Enginccring—Shoubra, Zagazig University . -

" Under the Supervision of

Dr. 'M. I. M. Hessein

Dr. M. Beltagy
Professor of Pure Mathematics Professor of Pure Mathematics -
Faculty of Science, Faculty of Engineering-Shoubra
Tanta University - ' - Zagazig University

e A -‘1_996




T

CONVEXITY STUDY
"IN

RIEMANNIAN MANIFOLDS

THESIS
SUBMITTED TO DEPARTMENT OF MATHEMATICS
| FACULTY OF SCIENCE, TANTA UNIVERSITY
FOR THE DEGREE OF DOCTOR OF PH[LOSOPHY

IN
(Pure Mathematics)

BY
Ibmhtm Ahmed El-Bastawesy Sakr

Assistant Lecturer, Mathematics Department
Faculty of Engineering-Shoubra, Zagazig University

Under the ‘Supervision of

Dr. M. Beltagy | Dr. M. 1. M. Hessein
Professor of Pure Mathematics - : Professor of Pure Mathematics -
Faculty of Science, - Faculty of Engineering-Shoubra
' Zagazig University

Tanta University




~ 'SUPERVISORS '

Dr. M Beltagy

- Pr ofessm of Pme Marhemancs S
F acul/y of Science, Tanat Umversz/y

- Dr. M. l M Hessem

Pr ofe SSOr of Pure Mathemancs
Faculty of Engineering- Shaubm
" Zagazig 1 Iniversity,

Head of Mathematlcs Department
BT 4

»3/ LAY
- &_,;-" -~ ,;"' "-

L

-~ (Prof. Dr. M. O. Slr.,aker)




To

My Mother - |
".vThe Memory of my Father and my Brother -
~ To My ere |
To My Famrly




Name
" Date of Birth

Locally

Nationality = - :

- Qualification

CURRICULUM VITAE

“Ibrahim Ahmed El-Bastawesy Sakr,
: 28-8-1959
‘Mahala Ziad

| Egyptian |

B.Sc. Degree in Mathematics (1982), Faculty of Science,

Tanta University.

. M.Sc. Degree in Mathematics (1992), Faculty of Science,

Tanta University.

" Head of Mathematics Department
' A
2o ey
A
(Prof. Dr. M. O. Shaker)




 ACKNOWLEDGEMENT

I would like 'to express my deep gratitude to Prof. Dr.
M. 0. Shaker Head of Mathematics Department, Faculty of

Science, Tanta University, for his kind help.

I heartily .thank Prof. _Dr# M. Beitagy, Profeséor of
‘Mathematiés, Faculty of Scienée, _Tanta University{ who
suggested the feseafch topics,‘supefviSed the workiand also
provided with a truthful aid and sincere encouragément dbring

the research.

My rthanks are also due to .Prof.  Dr. M. I, VHeSSein,
rProfessor of Mathematics, Mathematical and Natural Séiences
_bepartmeni,- Faculty 'of' Engineering of Shoubra, .Zagazig
Univeréity; and Dr, M. El-Ghoul, Assistaht Proféssor of
Mathematics, FaCUlty of Science, Tanta University, féf,theirf

valuable advices, continuous encouragement and support.




CONTENTS

PREFACE.............. ST SO e, :
CHAPTER I: INTRODUCTION o
‘1.1— Manifolds and Submanlfolds .................. e

1.2- Riemannian Ménifolds.”;.._ ............ T
.1;3 .Conﬁex1on on ManlfoldS*...”..”...Q.; ........

i.4— On-Submanifolds .............. S el e
il.S—:Ménifolds without Conjugate Points........ e

1065 COMVEXILY. it e

CHAPTER. II: K-CONVEXITY IN EUCLIDEAN 3-SPACE
2.1- Introduction. .....ooveeiies i, e

' 2.2- Main Results.......... e P

CHAPTER III : CONVEXITY CONDITIONS IN RIEMANNIAN MANIFOLDS

- 3,1- Introductlon ...... PP P ettt :

Section A: Convexity and Boundary Points .............

Section B: Uniform Convexity..,;..; ..................

CHAPTER IV: SUPPORTING FUNCTION IN RIEMANNIAN MANIFOLDS
' ' WITHOUT FOCAL POINTS.

‘4 1= Inlroductlon ..... e e U
, 4 ? Main Results“...”...”...“..;;..[g:.{ .......

REFERENCES.”' .......... e

ARABIC SUMMARY

15

20

29

31

45
45

52

62 .
63

74




" Preface




PREFACE

This. thesis  includes a study of the necessary and
suff1c1ent condltlons for convex1ty of ' subsets -in general
Rlemannlan manlfolds w1th applications in spe01al types of

'__manlfclds such as Euclidean, hyperbollc and elllptlc spaces

‘The wheole ‘thesis consists of four chapters,_ean
' ihtrcduction (Chap; 1) together with three chapters (Chapﬂ 11,
Chap. III, Chap.:IV) which contain the main results we have

'vestabiished.

In Chapter I, we have quoted the neceSSary backgrouﬁd
materlal for the follow1ng three chapters. Accordinglyt We"l
‘—wrote' few-'seCtions on manitolds, ,submanlfolds,v‘Riemanniah
manifoids, cohhexidns, convexity and forms, ..., etc, which

are important for our study.

In«(199OY,—b. mejia and D. Minda,established‘thehconcept
aof.K;CChvexrregion Q with boundary 6Q in Euclidean 2-space B
f_i211‘ The main aim of Chapter II is to define and'study‘the
concept ef keconvexity of regions in the Euclidean 3—space'E3.
}Tn thlS chapter we establlshed some results relatlng the k«
convexlty property to other geometrlc characterlstlcs such as
~ the sectronal curvature as well as the focal points of the
:lboundary ct'the considered region. The main results of this

chapter have been  accepted for publication in the




"Communications of Faculty of Science, University of Ankara"

Vol. 44 (1995) under the. same title.

Chapter IIT has been devoted to deal with another type
~of convexity called uniform convexity. This chapter consists

"of two sections A and B.

CIn (19795,'1K. P.. R. Sastry and S. V. R. Naidu [24]
proved‘a rEmafkableuresult‘Which gives a sufficient condition
for convexity of_a subsgt of a topological'vectqr spate. Also
‘,@hey defined and studied uniformly convex subsets of metric

linear spaces.

IA Section A (Chépter IiI) wé established some necessary
and - sufficient conditions for cohyexity"asl well as étrict
convexity - Qf subsets in differen: types of Riemannian
_mépifoldsz The main results of this section have beén

published in Delta J. of Science 18 (3), (1994), 11-18.

In Sectron B (Chapter III), the uniform convexityvas
well, as strict Iuniform convexity have - been defiﬁed and
Studied for subsets of Riemanniaﬂ manifolds. We have
establiéhéd. the necessary and sufficient .conditions for a
'Riemannian'manifold'without conjugate'pbints td be free from
'focal points in terms of the.unifo£m convéxity,cqncept.;mhe
méin_ results of..this section havé been accepted .for
pﬁblicatién:in the Communications of the Facﬁlty of Sciences,

‘Ankara University, Vol. (45) (1996).
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