(N

A
: :»j;‘ E
(:Ii'ijf?lz"! 350

SHAMS UNIVERSITY
Faculty of Education
Department of Mathematics

On Study of Nonlinear Partial Differential Equations
In Mathematical Physics

A Thesis

Submitted as a Partial Fulfillment for the Requirement of the
Doctor’s Philosophy Degree for Teacher's Preparation in Science

(Pure Mathematics)

Submitted To

Department of Mathematics
Faculty of Education, Ain Shams University, Cairo, Egypt

By

Abdul Ghani A6 Ahmed Hashem AL Nowehy

Lecturer of Pure Mathematics-Department of Mathematics
Faculty of Education, Science and Arts, Taiz University, AL Turba Branch

Taiz, Yemen.
Supervised by
Prof. Dr. Elsayed M. E. Zayed Prof. Dr. Galal Mahrous Moatimid

Professor of Mathematics Professor of Applied Mathematics
Department of Mathematics Department of Mathematics

Faculty of Sciences Faculty of Education

Zagazig University Ain Shams University

Zagazig, Egypt Cairo, Egypt

2018



(N

A
i
sz i 335

Faculty of Education
Department of Mathematics

Approval Sheet

Candidate: - Abdul Ghani AL Ahmed Hashem AL Nowehy
Title: - On Study of Nonlinear Partial Differential Equations in Mathematical Physics

Degree: - Doctor’s Philosophy for Teactier's Preparation in Science

(Pure Mathematics)
Supervisors
Prof. Dr. Elsayed M. E. Zayed Prof. Dr. Galal Mahrous Moatimid
Professor of Mathematics Professor of Applied Mathematics
Department of Mathematics Department of Mathematics
Faculty of Sciences Faculty of Education
Zagazig University Ain Shams University
Zagazig, Egypt Cairo, Egypt

Cairo, Egypt. / /2018



ACKNOWLEDGMENT

First of all, gratitude and thank, to gracious Allah who always helps and guides me. I
would [like to thank, the prophet Mohamed ‘“peace be wupon him” who
urges us to seek Rnowledge and who is the teacher of mankind. This thesis would
not be possible without the support of many individuals, to whom i would [like to
express my gratitude. First and foremost, I would [like to thank, my supervisors
committee who are:

Prof. Dr. Elsayed. M. E. Zayed, Professor of Mathematics, Department of Mathematics,
Faculty of Science, Zagazig University, Zagazig, Egypt who helped me since the first step in
the scientific research in this thesis through his tremendous efforts, constant help and endless
support, unlimited patience, infinite mercy, numerous discussions, valuable comments and
remarks and his directives with all respect and appreciation. He offered me much of his precious
time and provided me with his wisdom and Rnowledge through many discussions we had. He
taught me many things not only on the scientific side but also in practical and personal [ife.
His efforts during the revision of this thesis are invaluable.

Prof. Dr. Galal Mahrous Moatimid, Professor of Applied Mathematics, Faculty of
Education, Ain Shams University, Cairo, Eqypt who provided me with guidance and
continuous encouragement. His trust and support have instilled in me great confidence and
were Rey factors in my development as a person and as a researcher.

I would also like to express my deepest gratitude to Dr. Rehab Mahmoud Abd EL Halim,
Assistant Professor of Pure Mathematics, Faculty of Education, Ain Shams University, Cairo,
Egypt, for helped me since the first step in the scientific research through her tremendous

efforts.

Many thanks are also due to the Dr. Othman Mohamed Forage, Head of Department of
Mathematics, Faculty of Education, Ain Shams University, Cairo, Egypt, and all staff
members for providing me all facilities required to the success in this worR,

Finally, I would like to express my thanks and appreciation to my Kind parents and my
beloved family for their support, patience, sacrifice and continuous encouragement throughout
my studies. I owe for my mother, my father, my wife, my daughters Hadil, Hala, Haifa, my
sons Abdul Aziz and Abdul Rahman, my sisters and my brothers Ghilan, Abdul Hakim,
Abdul Basset and Mohamed as well as all my friends and colleagues.

Abdul-Ghani Al-Nowehy
Cairo, Egypt /2018



TABLE OF CONTENTS

SUMMARY . . . . e vii
I INTRODUCTION AND MATHEMATICAL TOOLS . . ... .. 1
1.1 Introduction . . . . . . .. .. . 1
1.2 The new extended auxiliary equation method . . . . . . . . .. ... 2
1.3 The new mapping method . . . . .. ... .. .. ... ....... 4
1.4 'The Jacobi elliptic equation method . . . . . . .. . ... ... ... 7
1.5 The generalized Riccati equation mapping method . . . . . . . . .. 9
1.6 The generalized Kudryashov method . . . . . . . ... .. ... ... 12
1.7 The ¢®-model expansion method . . . . . ... ... ... ... ... .. 13
1.8 The first integral method . . . . . . . ... ..o 14
1.9 The rational (G'/G)-expansion method . . . . . .. ... ... ... 15
1.10 The generalized sub-ODE method . . . . . ... ... .. ... ... 17
1.11 The sine-cosine method . . . . . . .. .. ... ... .. 19
1.12 The modified simple equation method . . . . . ... ... ... ... 20
1.13 The exp-function method . . . . . . . .. . ... ... .. 21
1.14 The general Exp,-function method . . . . . . .. . ... .. ... .. 21

1.15 The multiple exp-function method . . . . . . . . ... .. ... ... 22



II JACOBI ELLIPTIC SOLUTIONS, SOLITONS AND OTHER SO-
LUTIONS FOR EIGHT NONLINEAR PARTIAL DIFFERENTIAL
EQUATIONS . . . . . e 24

2.1 The new extended auxiliary equation method for solving Eq. (2.1) . 28
2.2 The new extended auxiliary equation method for solving Eq. (2.2) . 36

2.3 The new extended auxiliary equation method for solving Eq. (2.3) . 44

2.4 The new mapping method for solving Eq. (2.4) . . . . .. ... ... 47
2.5 The new mapping method for solving Eq. (2.5) . . . . .. ... ... 52
2.6 The new mapping method for solving Egs. (2.6) and (2.7) . . . . . . 58
2.7 The Jacobi elliptic equation method for solving Eq. (2.8) . . .. .. 62

2.8 The generalized Riccati equation mapping method for solving Egs.
(2.9) and (2.10) . . . .. 71

IIT THE GENERALIZED KUDRYASHOV METHOD FOR SOLV-
ING SEVEN NONLINEAR PARTIAL DIFFERENTIAL EQUA-

TIONS . . e 78
3.1  The nonlinear Burgers equation . . . . ... ... ... .. ..... 78
3.2 The modified Benjamin-Bona-Mahony (mBBM) equation . . . . . . 84
3.3 The Cahn-Hilliard equation . . . . . . . . ... ... .. .. ..... 88
3.4 The diffusive predator-prey system . . . . . . . ... .. ... L. 90
3.5 The nonlinear telegraph equation . . . . . . ... ... ... ... .. 95

3.6 The Biswas-Milovic equation with dual-power law nonlinearity . . . 98

1



IV

3.7 The Zakharov-Kuznetsov equation (ZK(m,nk)) . .. ... ... ... 102

EXACT SOLUTIONS FOR SOLVING THREE NONLINEAR PAR-
TIAL DIFFERENTIAL EQUATIONS USING DIFFERENT METH-

ODS . . e 106
4.1 The ¢®-model expansion method for solving Eq. (2.1) . . ... ... 106
4.2 The first integral method for solving Eq. (3.6.4) . . ... ... ... 117
4.3 The rational (G'/G)-expansion method for solving Eq. (3.6.4) . . . . 124
4.4 The generalized sub-ODE method for solving Eq. (4.1) . ... ... 132
4.5 The rational (G’'/G)-expansion method for solving Eq. (4.1) . . . . . 137

SOLITON ANSATZ METHOD AND SINE-COSINE METHOD
FOR SOLVING EIGHT NONLINEAR PARTIAL DIFFERENTIAL

EQUATIONS . . o oot 142
5.1 Mathematical analysis for solving Eq. (5.1) . . ... ... ... ... 144
5.1.1 Bright 1-soliton solutions of Eq. (5.1) . . .. ... ... ... 145
5.1.2  Dark 1-soliton solutions of Eq. (5.1) . . . .. ... ... ... 147
5.2 Mathematical analysis for solving Eq. (5.2) . . ... ... ... ... 148
5.2.1 Bright 1-soliton solutions of Eq. (5.2) . . .. ... ... ... 148
5.2.2  Dark 1-soliton solutions of Eq. (5.2) . . . .. ... ... ... 149
5.3 Mathematical analysis for solving Eq. (5.3) . . . .. ... ... ... 150

5.3.1 Bright 1-soliton solution of Eq. (5.3) . . . . . ... ... ... 151

11



VI

5.3.2 Dark 1-soliton solution of Eq. (5.3) . . ... ... ... ... 153

5.4 Mathematical analysis for solving Egs. (5.4) and (5.5) . . . . . . .. 154
5.4.1 Bright 1-soliton solution of Egs. (5.4) and (5.5) . . . . . . .. 154
5.4.2 Dark 1-soliton solution of Egs. (5.4) and (5.5) . . ... ... 156

5.5 Mathematical analysis for solving Eq. (5.6) . . . .. ... ... ... 157
5.5.1 Bright 1-soliton solutions of Eq. (5.6) . . . . ... ... ... 158
5.5.2  Dark 1-soliton solutions of Eq. (5.6) . . . . . ... ... ... 159
5.5.3 Singular 1-soliton solutions of Eq. (5.6) . . . ... ... ... 160

5.6 Mathematical analysis for solving Eq. (5.7) . . . .. ... ... ... 162
5.6.1 The 1-soliton solution of Eq. (5.7) . . . ... ... ... ... 162
5.6.2 Singular 1- soliton solution of Eq. (5.7) . . . ... ... ... 163

5.7 The sine-cosine method for solving Eq. (2.8) . . ... ... ... .. 164

5.8 The sine-cosine method for solving Eq. (4.1) . ... ... ... ... 165

SOLITON ANSATZ METHOD COMBINED WITH OTHER METH-
ODS FOR SOLVING FOUR NONLINEAR PARTIAL DIFFER-

ENTIAL EQUATIONS . . . . . . . . . 168
6.1 Mathematical analysis for solving Eq. (5.6) . . . .. ... ... ... 169
6.1.1 The Jacobi elliptic equation expansion method . . . . . . .. 170
6.1.2 The Riccati equation expansion method . . . . . . . ... .. 171
6.2 Mathematical analysis for solving Eq. (5.7) . . ... ... ... ... 173

v



6.2.1 The Riccati equation expansion method . . . . . . .. .. .. 173

6.2.2 The (G'/G)-expansion method . . . . . ... ... ... ... 174
6.3 Mathematical analysis for solving Eq. (6.1) . . ... ... ... ... 176
6.3.1 The Riccati equation method . . . . . . . .. ... ... ... 177
6.3.2 The Bernoulli equation method . . . . . . . . ... ... ... 180
6.3.3 The extended auxiliary equation method . . . ... ... .. 182
6.3.4 The new mapping method . . . . ... .. ... ... .... 185
6.3.5 The ¢®-model expansion method . . . . . ... ... ..... 189
6.3.6 The Jacobi elliptic equation method . . . . . . ... ... .. 197
6.4 Mathematical analysis for solving Eqgs. (6.2) and (6.3) . . . ... .. 206
6.4.1 The Jacobi elliptic equation expansion method . . . . . . .. 207
6.4.2 The Riccati equation expansion method . . . . . . . ... .. 209
6.4.3 The (G'/G)-expansion method . . . . . . .. ... ... ... 210

VII EXACT SOLUTIONS FOR SOME NONLINEAR PARTIAL DIF-
FERENTIAL EQUATIONS USING FOUR DIFFERENT TECH-
NIQUES . . . o oo 213

7.1 The modified simple equation method . . . . . . .. ... ... ... 214

7.1.1 The generalized nonlinear Schrodinger equation with a source

7.1.2  The long-short wave resonance equations (5.4) and (5.5) . . . 217



7.1.3 The (2+1)-dimensional hyperbolic nonlinear Schrédinger equa-

HOI (5:6) « v 220

7.1.4 The nonlinear foam drainage equation (5.7) . . . . . .. . .. 223
7.1.5 A variant nonlinear Boussinesq equations (6.2) and (6.3) . . . 225

7.2 The exp-function method . . . . . . .. .. ... ... .. ...... 228

7.2.1 The GKdV-mKdV equation with higher-order nonlinear terms

7.2.2  The long-short wave resonance equations (5.4) and (5.5) . . . 232

7.2.3  The (2+1)-dimensional hyperbolic nonlinear Schrédinger equa-

Hom (5.6) « « . o e 235
7.2.4  The nonlinear foam drainage equation (5.7) . . . . . . . . .. 238
7.3 The general Exp,-function method . . . . . . . . ... .. ... ... 239

7.3.1 The nonlinear Schrodinger equation with fourth-order disper-

sion and cubic-quintic nonlinearity (6.1) . . . . . . ... ... 239
7.3.2 A variant nonlinear Boussinesq equations (6.2) and (6.3) . . . 247

7.4  One-wave, two-wave and three-wave solutions of Eq. (7.1) using the

multiple exp-function method . . . . . . . . ... ... ... ... .. 250

7.5 N-wave solution of Eq. (7.1) using the linear superposition principle 254

REFERENCES . . . . . . . .. e 255

vi



SUMMARY

The objective of this thesis is to study the nonlinear partial differential equa-
tions (PDEs) in mathematical physics in order to find new exact solutions including
Jacobi elliptic function solutions, hyperbolic function solutions, trigonometric func-
tion solutions, rational function solutions, solitons and other solutions for them by
applying various methods. These methods are: the new extended auxiliary equation
method, the new mapping method, the Jacobi elliptic equation method, the gener-
alized Riccati equation mapping method, the generalized Kudryashov method, the
¢°-model expansion method, the first integral method, the rational (G’/G)-expansion
method, the generalized sub-ODE method, the soliton ansatz method, the sine-cosine
method, the Riccati equation expansion method, the (G’/G)-expansion method, the
Bernoulli equation method, the modified simple equation method, the exp-function
method, the general Exp,-function method, the multiple exp-function method and
the linear superposition principle.

This thesis consists of seven chapters, together with an Arabic and English sum-
maries. It is organized as follows:

In chapter one, we comprise an introduction contained in a brief survey. De-
velopment and survey of the available mathematical tools used to generate exact
solutions for nonlinear PDEs given in chapters II-VII.

In chapter two, we apply four different methods to find many new exact solutions
of eight nonlinear PDEs. Firstly in sections 2.1-2.3, we apply a new extended auxil-
iary equation method to find many new Jacobi elliptic function solutions, hyperbolic
function solutions and trigonometric function solutions of the higher-order nonlin-

ear Schrodinger equation with derivative non-Kerr nonlinear terms, the higher-order
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dispersive nonlinear Schrodinger equation, and the generalized nonlinear Schridinger
equation. Secondly in sections 2.4-2.6, we apply a new mapping method to find
solitons and other exact solutions of the (2 4 1)-dimensional nonlinear cubic-quintic
Ginzburg-Landau equation, the (14 1)-dimensional resonant nonlinear Schrodinger’s
equation with parabolic law nonlinearity, and the (14 1)-dimensional nonlinear gener-
alized Zakharov system. Thirdly in section 2.7, we apply the Jacobi elliptic equation
method to find Jacobi elliptic function solutions, hyperbolic function solutions and
trigonometric function solutions of the perturbed nonlinear Schrodinger equation,
with power law nonlinearity and Hamiltonian perturbed terms. Fourthly, in section
2.8, we use the generalized Riccati equation mapping method to solve the nonlinear
Bogoyavlenskii equations and many new exact solutions are obtained.

In chapter three, we use the generalized Kudryashov method for finding ex-
act solutions of seven nonlinear PDEs namely, the nonlinear Burgers equation , the
modified Benjamin-Bona-Mahony (mBBM) equation, the Cahn-Hilliard equation, the
diffusive predator-prey system, the nonlinear telegraph equation, the Biswas-Milovic
equation with dual-power law nonlinearity, and the Zakharov-Kuznetsov equation
(ZK(m,n,k)). As a result, many analytical exact solutions are obtained including
symmetrical Fibonacci function solutions and hyperbolic function solutions.

In chapter four, we apply four different methods to find solitons and other solu-
tions of three nonlinear PDEs. Firstly, in section 4.1, we apply the ¢°-model expansion
method to find new exact solutions of the higher-order nonlinear Schrédinger equa-
tion with derivative non-Kerr nonlinear terms. Secondly in sections 4.2 and 4.3, we
apply the first integral method and the rational (G’/G)-expansion method for finding
the exact solutions of the Biswas-Milovic equation with dual-power law nonlinearity.
Thirdly, in sections 4.4 and 4.5, we apply the generalized sub-ODE method and the
rational (G’/G)-expansion method for finding exact solutions of the GKdV-mKdV

equation with higher-order nonlinear terms.
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In chapter five, we apply two different methods to find bright-dark-singular soli-
ton solutions and trigonometric function solutions of eight nonlinear PDEs. Firstly,
we apply the soliton ansatz method to find the bright-dark-singular soliton solutions
for six nonlinear PDEs namely, the perturbed nonlinear Schrédinger equation with
Kerr law nonlinearity, the higher-order nonlinear Schrodinger equation, the gener-
alized nonlinear Schrodinger equation with a source, the long-short wave resonance
equations, the (2+41)-dimensional hyperbolic nonlinear Schrodinger equation and the
nonlinear foam drainage equation.

Secondly, we apply the sine-cosine method to find the trigonometric function so-
lution for the perturbed nonlinear Schrédinger equation, with power law nonlinearity
and Hamiltonian perturbed terms and, the GKdV-mKdV equation with higher-order
nonlinear terms.

In chapter six, we apply the soliton ansatz method combined with other methods
namely: the Jacobi elliptic equation method, the Riccati equation expansion method,
the (G’ /G)-expansion method, the Bernoulli equation method, the extended auxiliary
equation method, the new mapping method and the ¢°~-model expansion method for
solving the (2+1)-dimensional hyperbolic nonlinear Schrédinger equation, the non-
linear foam drainage equation, the nonlinear Schrodinger equation with fourth-order
dispersion and cubic-quintic nonlinearity, and a variant nonlinear Boussinesq equa-
tions.

In chapter seven, we apply four different techniques to find the exact traveling
wave solutions for some nonlinear PDEs. Firstly, we will use the modified simple
equation method for the generalized nonlinear Schrodinger equation with a source,
the long-short wave resonance equations, the (2+1)-dimensional hyperbolic nonlinear
Schrodinger equation, the nonlinear foam drainage equation and a variant nonlinear
Boussinesq equations. Secondly, we will use the exp-function method for the GKdV-

mKdV equation with higher-order nonlinear terms, the long-short wave resonance

1X



equations, the (2+1)-dimensional hyperbolic nonlinear Schrodinger equation, the non-
linear foam drainage equation. Thirdly, we will use the general Exp,-function method
for the nonlinear Schrodinger equation with fourth-order dispersion and cubic-quintic
nonlinearity, and a variant nonlinear Boussinesq equations. Fourthly, we will use the
multiple exp-function method and the linear superposition principle for the following
(241)-dimensional Calogero-Bogoyavlenskii-Schiff (CBS) equation.
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