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Introduction

Hahn introduced his difference operator which is defined by

Dq,ωf(t) =
f(qt+ ω)− f(t)

t(q − 1) + ω
,

where 0 < q < 1 and ω > 0 are fixed real numbers [20, 21]. This operator

unifies and generalizes two well-known difference operators. The first is

Jackson q− difference operator defined by

Dqf(t) =
f(qt)− f(t)

t(q − 1)
,

where q is fixed. Here f is supposed to be defined on a q− geometric set

A ⊂ R for which qt ∈ A whenever t ∈ A, see [2, 6, 7, 13, 14]. The second

operator is the forward difference operator

△ω f(t) =
f(t+ ω)− f(t)

ω
,
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where ω > 0 is fixed, see [8, 9, 29, 30]. It is worth mentioning that

lim
q↓1

Dq,ωf(t) = ∆ωf(t),

lim
ω↑0

Dq,ωf(t) = Dqf(t),

lim
q↓1,ω↑0

Dq,ωf(t) =
d

dt
f(t),

taking into account that ↓ and ↑ mean limits from left and right at finite

points respectively. Hahn’s operator was applied to construct families of

orthogonal polynomials as well as to investigate some approximation prob-

lems, see [33, 34, 38]. Another direction of interest is to establish a calculus

based on this operator. This was recently studied by M. H. Annaby, A. E.

Hamza and K. A. Aldwoah in [5]. They gave a rigorous analysis of the cal-

culus associated with Dq,ω, see also [31]. Based on these results, we deduce

new results concerning the calculus of this operator and the theory of Hahn

difference equations in this thesis. Our results yield those of q−difference

equations when we take θ → 0. For more details, see [6] which indicates

that the theory of q−difference equations may be considered as a special

case of Hahn difference equations.

The organization of this thesis is as follows:

I Chapter One:

In this Chapter, we introduce the basic concepts and terminology of Hahn’s
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operator calculus. The q, ω−exponential and trigonometric functions with

some properties of them are given. At the end of this chapter, we prove

some important inequalities on Hahn’s calculus like Bernoulli’s and Gron-

wall’s Inequalities [22]. Also, we prove Mean Value Theorems associated

with Hahn’s operator [22].

I Chapter Two:

In this Chapter, we apply the method of successive approximations to prove

the existence and uniqueness theorem of solutions in both local and global

cases. The results of this chapter and the final part of Chapter 1 were pre-

pared in one article. It was accepted in ”Journal of Advances in difference

equations” [22].

I Chapter Three:

In this Chapter, we study the theory of linear Hahn difference equations of

the form

a0(t)D
n
q,ωx(t) + a1(t)D

n−1
q,ω x(t) + ...+ an(t)x(t) = 0.

We introduce its fundamental set of solutions when the coefficients are con-

stant and the Wronskian associated with Dq,ω. Hence, we obtain the corre-

sponding Liouville’s formula. Also, we derive solutions of the first and sec-

ond order linear Hahn difference equations with non-constant coefficients.
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Finally, we consider the variation of parameter technique and the annihila-

tor method for the nonhomogeneous case. The results of this chapter were

prepared in one article. It was accepted in ”Journal of Advances in Mathe-

matics” [23].

I Chapter Four:

In this Chapter, we establish characterizations of many types of stability,

like (uniform, uniform exponential, ψ-) stability of linear Hahn difference

equations of the form Dq,ωx(t) = p(t)x(t)+ f(t). At the end, we give two il-

lustrative examples. The results of this chapter were prepared in one article.

It was accepted in ”Journal of Advances in Mathematics” [24].
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Chapter 1

Hahn Difference Operator and

Associated Jackson-Nörlund Integrals

1.1 Introduction

Hahn introduced the difference operator Dq,ω which extends both Jackson’s

q-difference operator Dq and the difference operator ∆ω, see definitions be-

low. Hahn’s operator has been considered from computational points of

view, in particular in the determination of new families of orthogonal poly-

nomials, see [15, 18, 33]. Calculi, difference equations and special functions

based on the q-difference operator as well as the difference operator ∆ω have

been considered extensively, see [4, 17, 30, 37]. Unlike the situation of Dq

and ∆ω, Hahn’s difference operator Dq,ω has not received similar attention.

In particular, a calculus based on Dq,ω is not rigourously established. For

example, the right inverse of Dq,ω is not defined. The purpose of this chapter
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is to introduce the calculus associated with Dq,ω. We state some basic prop-

erties from [5]. For instance, a right inverse of Dq,ω is defined in terms of

both Jackson q-integral, see [27], which contains the right inverse of Dq and

Nörlund sum, cf. [30, 37], which involves the right inverse of ∆ω. Then, the

fundamental theorem of Hahn’s calculus is proved. In Section 5, we state

some definitions about exponential and trigonometric functions of Hahn’s

calculus. They satisfy q, ω-difference equations of the first and second order

respectively. In Section 6, we prove Gronwall’s and Bernoulli’s Inequalities.

In Section 7, we prove Mean Value Theorems. Sections 2, 3, 4 and 5 were

obtained from [5] while those of sections 6 and 7 were published in Journal

of Advances in difference equations [22].

1.2 Preliminaries

In [20], Wolfgang Hahn introduced the difference operator Dq,ω. It is defined

by

Dq,ωf(t) =
f(qt+ ω)− f(t)

(qt+ w)− t
, (1.2.1)

where q ∈ (0, 1) and ω > 0 are fixed, see also [21]. Some recent papers

have applied this operator to construct families of orthogonal polynomials

as well as to investigate some approximation and optimization problems,

cf. [12, 20]. This operator unifies and generalizes two well known difference
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