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SUMMARY 

   Multiple criteria decision making problem (M-CDMP) is concerned with 
methods and procedures by which multiple criteria can be formally 
incorporated into the analytical process.  

   The (M-CDMP) arises in wide variety of problems, such as vector 
maximization , goal programming , group decision problems (with 
several criteria ), multi- attribute problems, and utility and theory of 
measurements. Vector optimization problems (VOP) or multiobjective 
optimization problems are one main branch of mathematical 
optimization. (VOP) appear when a decision maker must take a decision 
satisfying the optimization of more than one conflicting objectives. 

      Stability analysis in multiobjective nonlinear programming has been 
extensively investigated from the qualitative point of view . The stability 
notions are the sets of parameters that retain specific features for the 
optimal solutions of the multiobjective nonlinear programming 
problems. 

This thesis consists of five chapters: 

Chapter 1 presents a survey on Multiplecriteria decision making 
problems. Some different methods for dealing the problem, such as the 
goal programming approach , vector optimization problem and 
interactive approach are introduced Some  definitions of fuzzy theory 
are presented. 

Chapter 2  the concept of dual parametric problems is discussed to 

clarify the fruitful relation between the primal and dual problems. The 

discussion of the possibility solving one of them  , where the second 

problem clearly  solved,where parameters are in the objectives,are in 

the constrain,or in both . 

Chapter 3 is devoted to Fuzzy parametric multiobjective nonlinear 
programming  problem with fuzzy parameters in the objective functions, 
with fuzzy parameters in the constraints , and in both the objective 
functions and the constraints . 

Chapter 4 presents an interactive approach for the three optimal 
selection problems where three decision makers (DMs) are involved in 
the selection of single offer from a pool of n offers. 
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Chapter 5  is devoted to the conclusions arrived in carrying out this 
thesis and some suggestions for further research are given. 
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Chapter 1 

SURVEYw ONw THEw RELATEDw TOPICSw 

1.1  Introduction  

        There hadwbeenwaw growingw interestw andw activityw inw thew 

areaw ofw multiple criteriaw decisionw makingw (MCDM) w, especiallya 

ina thea lasta 20a –yearsa. Modelinga anda optimizationa methodsa 

havea beena developeda ina crispa anda ina botha fuzzya anda Rougha 

environmenta. Manya problemsa ina MCDMa area formulateda asa 

multipleobjectiveamathematicalaprogrammingaproblemsa. Somea 

examples of theseasuch asa naturala resourcea managementa 

problemsa, projectadesign problemsa anda financiala planninga 

problemsa. 

         Ina thea crispa environmenta, therea area manya a approaches a 

for solving the MCDM problems  , form these approaches utilitya 

theorya, vectora optimizationa , goala programminga anda interactivea 

approachesa. 

         Thesea typesa ofa approachesa havea beena discusseda bya 

Chankong anda Haims [1] , Fishburn [2] ,Ignizio[3] Sawaragi, Nakayamaa 

anda Tanino[4] , Shina and Ravindrana [5,6]  anda Steuera [7]. 

         Inaa fuzzya environmenta, Tanakaa anda Asaia [8] ,formulateda 

multiobjectivea lineara programminga problemsa witha fuzzya 

parameters and Orlovskia [9] formulateda generala multiobjectivea 

nonalinearaprogrammingaproblemsawithafuzzyaparameters. Recently, 

Sakawa and Yanoa [10,11] introduceda thea concepta ofa𝛼-multi-a 

objectivea nonlineara programminga anda 𝛼a-paretoa optimalitya. Thea 

concepta ofa 𝛼a-paretoaa optimalitya isa introduceda bya extendinga 

thea ordinarya paretoa optimalitya ona thea basisa ofa thea 𝛼a-levela 

setsa ofa thea fuzzya numbersa .Froma thisa concepta (fora aa certaina 

degreea 𝛼a ) a,thea fuzzya multia objectivea programminga problema 

cana bea understooda asa thea crispa multiobjectivea programminga 

problema .Thisa chaptera consistsaofathreeasections (section1.2aand 

section1.3,1.4) 
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      Sectiona 1.2a introduceda the basica theoreticala conceptsaa and 

methodsafor treatingaMCDM in the crisp environment.a Ina sectiona1.3 

thea definitionsa anda terminologya ofa fuzzya subsets are presenteda. 

Ina sectiona 1.4a thea definitionsa anda terminologya ofa rougha 

subsets are mentiond. are mentionda. 

1.2 Multi criteria Decision Making Problemsa 

      Decisiona makinga isa ana integrala parta ofa oura dailya lifea. Ita 

considersa situationsa ranginga ina complexitya forma thea simplea toa 

thea mosta complexa involvinga multiplea objectivesa. 

1.2.1  Definitions  

           Multiobjectivea programminga (MOP) a problemsa ora vectora 

optimizationa problemsa (VOP) a arisea whena therea areaa twoa ora 

morea objectivesa toa bea optimizeda simultaneouslya . Aa 

mathematicala formulationa ofa a VOPa isaa 

(VOPa)     Mina F(xa)  = (f1(xa),f2(Xa) ,…….fkax) )  

               Subjecta toa xa ∈ Xa , 

Wherea 

xa isa ana na-adimensional vectora ofa decisiona variablesa , 

Xa isa thea decisiona spacea ora thea feasiblea regiona,  

Xa = { xa ∈ Rna / gsa(x) ≤a 0 , sa = 1,2,…..,ma}, 

gsa (x) , as = 1,2,…..,m , area thea constraintsa , 

Fa (ax)  isa a vectora ofa ka reala valueda functionsa defineda ona Xa , 

"Mina"  requiresa thata F(xa) bea minimizeda witha respecta toa the 

apreferencesa ofa thea decisiona makera (DaM) . 

      Ina ordera toa makea thea problema nontriviala ,ita isa assumeda 

thata thea objectivesa area ina conflicta anda incommensurablea. Duea 

toa theaConflictinga naturea ofa thea objectivesa, ana optimala 
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solutiona thata simultaneouslya minimizesa alla thea objectivesa isa 

usuallya nota obtainablea. Insteada therea area severala solutionsa, 

calleda efficienta solutionsa (non inferiora solutiona ora pareto-optimala 

solutionsa ). Wich can be defind as follows 

Definitiona 1.1 

A pointa x*a∈a X isa saida toa bea ana efficienta solutiona ofa VOPa if 

therea isa noa xa ∈a X sucha thata fi(x) a ≤ afi(x*)   ia = 1,2,…., ak witha 

ata leasta onea stricta inequalitya . 

Definitiona 1.2 

Aa pointa xa*∈ Xa isa saida toa beaaaweaka- efficienta solution ofa VOP 

ifa therea is noa xa ∈a X sucha thata fia (x) < fia(x*)       i = 1,2,….,k. 

Clearlya, ifa x*a isa ana efficienta solutiona ofa VOPa thena xa* isa aa 

weaka- efficienta solutiona ofa VOPa. 

Definitiona 1.3 

A apointa x` isa saida toa bea aa properlya efficienta solutiona ofa VOPa 

iffa xa` isa ana efficienta solutiona ofa VOPa anda therea existsa a 

scalara  Ma >a 0 sucha thata fora eacha ia anda ax ∈aXa satisfyinga     

fi(x) a<a fi(x`) ,  wea havea    (fi(x`)a-fi(x) a) / (fj(x) a-fj(x`)a) ≤ aM ; fora 

somea i sucha thata fi(x`)a <a fi(x) a. 

Definitiona 1.4 

Thea ideala solutiona fora VOPa isa obtaineda bya minimizinga eacha 

objectivea functiona separatelya undera thea givena constrainta . 

        For  the  (V O P)  problem , the ideal  solution is the vector  

 f* = (af1* ,f2*,……,afk*) , wher  Fi *= mina fi(x),         ia= 1,2,…..,k, 

                                                                 xa ∈ aX 
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  Definition1.5 

  A functiona Ua , whicha associatesa aa reala numbera U(F(X)) a toa 

eachax a∈aX , isa saida toa be aa utilitya functiona representinga a 

particular decisiona makersa preferencea structurea provideda thata: 

1. F(x1) a ~  F(x2) a iffa  Ua (F(x1) a)  =  aU(F(x2)) for ax1 ,xa2 ∈ aX ; aand  

2. aF(x1) a ≻ aF(x2) iffa U(F(x1)) > a U(F(x2)) a fora xa1 ,xa2 ∈ aX ; 

Wherea Fa (x1) ~ aFa (x2) denotesa thata thea decisiona makersa isa 

indifferenta betweena outcomesa F(x1) a and aF(x2a),anda Fa(x1) ≻ aF(x2) 

denotes that the decisiona makera prefersa Fa(ax1) toa Fa (ax2). 

Remarka. Aa utilitya functiona isa alsoa knowna asa aa valuea functiona 

ora preferencea functiona.  

Definition 1.6 

 The local tradeoff ratio (indifference tradeoffa ora marginal rate of 

substitution) between fi and fj at pointa xa* isa 

                                              
𝜕𝑢a

𝜕𝑓𝑗(𝑥)⁄

𝜕𝑢
𝜕𝑓𝑖(𝑥)⁄

    ,  xa =a x* 

Findinga thea solutiona toa thea VOPa reduceda toa thea problema ofa 

findinga alla efficienta solutionsa .Oftena therea area ana infinitea 

numbera ofa efficienta solutionsa anda theya area nota comparable, 

hencea, ita isa assumeda thata thea decisiona makera hasa a utilitya 

functiona Ua, anda witha thisa assumptiona thea VOP is a reduceda toa : 

       Maxa  Ua (f1a (x),f2a (X) ,…….fka (x)    

           Subjecta toa xa ∈a X . 

Notea thata ifa a utilitya functiona coulda bea easilya founda fora eacha 

multi aobjectivea mathematicala programa, therea woulda bea noa 

needa fora  multiobjectivea optimizationa techniquesa . Everya VOPa 

coulda bea restructureda asa a singlea objectivea problema . 
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Decision makersawith differentapreferences havea differenta solutionsa 

fora aa vectora optimizationa  problema baseda ona the  preferencesa . 

Thisa solutiona isa commonlya referreda toa asa thea besta 

programminga methodsa attempta toa finda a bestacompromise 

solutionaby progressive articulation of preferences solution that is also 

efficient solution, whilea other methodsa leadato a bestacompromisea 

solutionawhicha maya nota beaefficienta solutiona,([1]). 

1.2.2  Common approaches to characterizing efficient solutions 

sa   Thea mosta commona strategyatoa characterizea efficienta 

solutionsa ofa VOPa ina termsaofa optimalasolutions is scalarizinga thea 

problema. Amonga thea manya possiblea waysa ofa obtaininga a scalara 

problema fromaaa VOPa, thea followinga: 

i. Thea weightinga problema 

      Leta  Wa =a { w ∈a Rk  /  wj ≥a o and ∑ 𝑤𝑗a 
𝑘
𝑗=1  a=a1  } bea thea seta 

ofa nonnegativea weightsa . Thea weightinga problema isa defineda fora 

somea  wa ∈a W as Pa (w) , 

(Pa (aw))         Mina ∑ 𝑤𝑗 
𝑘
𝑗=1a 𝑓𝑗a (x).  

                          xa ∈a X 

Theorema 1.1 

Assumea X aisa aa convexa seta anda faj , a j =a1,2….,k area convexa 

functionsa defineda ona Xa . Ifa xa* isa ana efficienta solutiona ofa 

VOPa, thena therea existsa wa ∈ Wa sucha that xa* solvesa Pa (w) .  

Theorema 1.2a   

 xa* isa ana efficienta solutiona ofa VOPa ifa  therea existsa wa∈ Wa 

sucha thata xa* solvesa P(aw) anda ifa eithera onea ofa thea followinga 

twoa conditionsa holdsa :  

1. waj > a0    ⩝a  ja = 1,2a ….,ak, ora 

2. xa* is thea uniquea solutiona of Pa (aw) . 
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  ii. Thea ra-thaobjectivea Lagrangianaproblema 

        Thea efficientasolutions of VOPa canabeacharacterizeda ina terms 

of theaoptimalasolution of the following form : 

( Pr(l) )           Min fr(x)  + ∑ 𝑙𝑗𝑓𝑗
𝑘
𝑗=1,
𝑗≠𝑟

 (ax) ,   

                       xa ∈ aX 

where  l ∈ Lr =  {(l1,l2,l3,…,lr-1,lr+1,…..,lk) /  lj ≥  0aforaeacha  ja≠ r }. 

Theorema 1.3  

 x*a isa ana efficienta solutiona ofa VOPa ifa fora somea ra therea 

existsa l ∈ Lr sucha thata xa* solvesa par(la) , anda ifa eithera 

1. laj > 0a  fora allaa  ja≠ ra , ora 

2. xa* is uniquea minimizea ofa  Pr(al) . 

iii. Thea r-tha objectivea 𝞊a-constraintaa problema 

          Thewr-thw objectivew constraintw problemw isw formulatedwbyw 

takingw thew rw-wth objectivew functionw fr  asw thew objectivew 

functionw andw lettingw allw thew otherw objectivew functionsw fjw 

(jw≠ r) bew inequalityw constraintsw . Thatw isw, thew rw-th objectivew 

𝞊w-constraint problemw canw bew definedwas the scalarw 

optimizationw problemw Pwr(w𝞊) , 

Pr(𝞊) w     Minw fr (x) w  

             Subjectw tow fj (x) w ≤  𝞊jw  , jw =1,2,…,k ,  j ≠ rw, 

wherew 𝞊w ={ 𝞊1,𝞊2,….,𝞊r-1, w𝞊r+1,,…..,𝞊k }w. Forw a givenw pointwx*,w 

wew shallw usew thew symbolw  pr (𝞊*w) tow representw the problemw 

pr(𝞊) w , wherew 𝞊jw  = 𝞊j*w =fj(x) w, j ≠ r. 

Definition 1.7 

The  sensitivity  function  𝟇r(y)  of  pr(𝞊) w,  wherew 

𝟇rw : RK-1 → 𝑅̅ = [-∞w, +∞] is defined as  
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𝟇rw (y) w =  infw  { fr (x) / fj (x) - 𝞊j ≤ yj , j ≠ r }. }}w 

                      x∈X 

Definitiona1.8 

pra (𝞊) a isa saida toa bea stablea ifa  𝟇ar(0) isa finitea anda therea 

existsa  Ma>0a sucha thata fora alla y a≠ 0a, 

           
ϕra(0)−ϕr(y)

‖𝑦a‖
 a <a M . 

Theorema 1.4 

Aa pointa xa* isaanaefficienta solutiona of VOPa iffa x*asolvesa par (𝞊*a) 

fora everya ra = 1a,2,…,ka. 

Theorema 1.5 

Ifa x*a isa a uniquea solutiona ofa par (𝞊*a) fora somea ra∈a{1,..,ka} , 

thena x*a isa ana efficienta solutiona ofa VOPa. 

Theorema 1.6  

Assumea thata f1(x),……,fk(x), areaa convexa functionsa ona thea 

nonemptya convexa setaa Xa anda thata x* isa ana efficienta solutiona 

ofaVOPa. Thena x*a isa properlya efficienta solutiona ofaVOPa iffa pra 

(𝞊*)a isa stablea fora eacha r a=a 1,2,…,ka .    

Definitiona1.9 

Thea functionsa gsa (x), s = a1,2,…,m ,whicha definesa thea convexa 

feasiblea regiona Xa =a { ax ∈aRn / gs(x) ≤ 0, s = 1,.., am} area saida toa 

satisfya : 

a. Slater'sa constrainta qualificationa (on Rn) ifa therea existsa xa` ∈ Ran 

sucha thata gas(x`a) < 0 fora alla s a= 1,2,…,m. 

b. Karlin'sa  constrainta qualificationa (ona Rn) ifa therea existsa noa 

 pa∈ Rn , ps  ≥ 0 fora alla s a= 1,2,…,m witha stricta inequalitya fora ata 

leasta oneas , sucha thata ∑ a𝑝𝑠𝑔𝑠
𝑚
𝑠=1  (x) a ≥ 0a. 


