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Abstract 
    

 

Studing the dynamic equations on time scales was introduced by Stefan Hilger [37]. It is a 

new area of still fairly theoretical exploration in mathematics. Motivating the subject is a notion that 

dynamic equations on time scales can build bridges between continuous and discrete mathematics. 

Further, studying time scales lead to several important applications, e.g., insect population models, 

neural networks, and heat transfer. A time scale   is a nonempty closed subset of the real numbers. 

When the time scale equals the set of real numbers, the obtained results yield results of ordinary 

differential equations, while when the time scale equals the set of integers, the obtained results yield 

results of difference equations. The new theory of the so - called "dynamic equation" is not only 

unify the theories of differential and difference equations, but also extends the classical cases to the 

so - called q - difference equations (when                       or            ) 
which have important applications in quantum theory (see [38]).  

 

A neutral differential equation with deviating arguments is a differential equation in which the 

highest order derivative of the unknown function appears with and without deviating arguments. In the last 

two decades,  

This thesis is devoted to   

    1.  Illustrate the new theory of Stefan Hilger by giving an introduction to the theory of dynamic 

equations on time scales.  

    2.  Summarize some of the recent developments in oscillation of second order neutral differential 

equations with "maxima", oscillation of second-order differential equations with a sublinear or a superlinear 

neutral terms, oscillation of second order nonlinear integro- dynamic equations on time scales.  

    3.  Establish new sufficient conditions to study the oscillatory and the asymptotic behavior of 

solutions of second order nonlinear neutral dynamic equations with maxima and second order nonlinear 

mixed neutral integro-dynamic equations with maxima on time scales, so that the obtained results are more 

generalized than those obtained in previous studies.  
    4.  Give some examples to illustrate the relevance of our results.  

  

This thesis consists of six chapters :- 

 

 Chapter 1, is an introductory chapter that contains the basic concepts of theory of functional 

differential equations, some previous results of the oscillatory and the asymptotic behavior of solutions of 

second order neutral differential equations with "maxima" and oscillation of second-order differential 

equations with a sublinear or a superlinear neutral terms.  

 

In Chapter 2, we give an introduction to the theory of dynamic equations on time scales, 

differentiation and integration, and some examples of time scales. Moreover, we present various properties 

of generalized exponential function on time scales. Additionally, some previous studies for the oscillatory 

and asymptotic behavior of second order integro- dynamic equations on time scales are presented.  

  
 Chapter 3, consists of two sections. In the first section, we present some new oscillation criteria for 

the second order neutral integro-dynamic equation with damping and distributed deviating arguments:  

 

 In Chapter 4, Some new oscillation criteria for the second order neutral dynamic equation with 

maxima and mixed arguments  

 

  Chapter 5, Concerned with the oscillatory and asymptotic behavior for solutions of the second-

order mixed nonlinear integro-dynamic equations with "maxima"  

  

 

  Chapter 6, deals with the oscillatory and the asymptotic behavior of the solutions of the second-

order neutral nonlinear integro-dynamic equations with maxima and superlinear or sublinear neutral terms on 

time scales  
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Summary

Studying the dynamic equations on time scales was introduced by Stefan Hilger
[37]. It is a new area of still fairly theoretical exploration in mathematics. Mo-
tivating the subject is a notion that dynamic equations on time scales can build
bridges between continuous and discrete mathematics. Further, studying time
scales lead to several important applications, e.g., insect population models, neu-
ral networks, and heat transfer. A time scale T is a nonempty closed subset of the
real numbers. When the time scale equals the set of real numbers, the obtained
results yield results of ordinary differential equations, while when the time scale
equals the set of integers, the obtained results yield results of difference equations.
The new theory of the so - called ”dynamic equation” is not only unify the the-
ories of differential and difference equations, but also extends the classical cases
to the so - called q - difference equations (when T = qN0 := {qt : t ∈ N0, q > 1}
or T = qZ = qZ ∪ {0}) which have important applications in quantum theory (see
[38]).

A neutral differential equation with deviating arguments is a differential equa-
tion in which the highest order derivative of the unknown function appears with
and without deviating arguments. In the last two decades, there has been increas-
ing interest in obtaining sufficient conditions for oscillation (nonoscillation) of the
solutions of dynamic equations on time scales. So we choose the title of the thesis
”On Oscillatory and Asymptotic Behavior of Solutions of Some Dynamic Equa-
tions on Time Scales”. We aim to establish new criteria for the oscillatory and
the asymptotic behavior of solutions of second order nonlinear neutral integro-
dynamic equations with ”maxima” on a time scale T.

This thesis is devoted to

1. Illustrate the new theory of Stefan Hilger by giving an introduction to the
theory of dynamic equations on time scales.
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SUMMARY

2. Summarize some of the recent developments in oscillation of second order
neutral differential equations with ”maxima”, oscillation of second-order dif-
ferential equations with a sublinear or a superlinear neutral terms, oscillation
of second order nonlinear integro- dynamic equations on time scales.

3. Establish new sufficient conditions to study the oscillatory and the asymp-
totic behavior of solutions of second order nonlinear neutral dynamic equa-
tions with maxima and second order nonlinear mixed neutral integro-dynamic
equations with maxima on time scales, so that the obtained results are more
generalized than those obtained in previous studies.

4. Give some examples to illustrate the relevance of our results.

This thesis consists of six chapters :-

Chapter 1, is an introductory chapter that contains the basic concepts of
theory of functional differential equations, some previous results of the oscillatory
and the asymptotic behavior of solutions of second order neutral differential equa-
tions with ”maxima” and oscillation of second-order differential equations with a
sublinear or a superlinear neutral terms.

In Chapter 2, we give an introduction to the theory of dynamic equations
on time scales, differentiation and integration, and some examples of time scales.
Moreover, we present various properties of generalized exponential function on
time scales. Additionally, some previous studies for the oscillatory and asymptotic
behavior of second order integro- dynamic equations on time scales are presented.

Chapter 3, consists of two sections. In the first section, we present some new
oscillation criteria for the second order neutral integro-dynamic equation with
damping and distributed deviating arguments:

(r(t)(z∆(t))γ)∆ + p(t)(z∆(t))γ +

t∫
t0

G(t, s, x(η(t, s)))∆s = 0,

where

z(t) = x(t) +

τ−1
1 (t)∫
t

F1(s, x(τ1(s)))∆s+

τ3(t)∫
t

F2(s, x(τ2(s)))∆s.

on a time scale T. In the second section, we establish some new oscillation criteria
for the second order mixed neutral integro dynamic equation with damping and

iv



SUMMARY

a non positive neutral term of the form:

(r(t)(v∆(t))γ)∆ + p(t)(v∆(t))γ + g(t, x(τ(t))) +

t∫
0

a(t, s)f(s, x(s))∆s = 0,

where
v(t) = x(t)− p1(t)x(η1(t)) + p2(t)x(η2(t)),

on a time scale T. Oscillation behavior of these equations is not studied before.
Our results not only improve and extend some results established by [4], [6], [7],
[26] ,[28], [29] and [47], but also can be applied to some oscillation problems that
are not studied before.
The results of this chapter are presented in:

• The 11thsymposium of the fractional calculus and applications group ”one
day conference in mathematics”, July (20) (2019), Faculty of science, Alexan-
dria university.

• 3rd international conference of mathematics, November 26-27 (2020).

Moreover, some results of this chapter accepted for publication in:
Novi Sad Journal of Mathematics, (2020) [11].

In Chapter 4, Some new oscillation criteria for the second order neutral dy-
namic equation with maxima and mixed arguments

(r(t)(z∆(t))γ)∆ + q(t) max
s∈[ξ(t),η(t)]T

xγ(s) = 0,

where
z(t) = x(t) + p1(t)x(τ1(t)) + p2(t)x(τ2(t)), t ∈ [t0,∞)T.

on a time scale T are established. New comparison theorems are obtained that
allow us to examine the oscillation of the given second order dynamic equation by
examining the oscillatory behavior of first order dynamic ones. The obtained re-
sults extend and complement some known ones in literature. Examples are given
to illustrate the importance of our results.
The results of this chapter are published in:
Journal of Interdisciplinary Mathematics, (2020)
DOI: 10.1080/09720502.2020.1756047 [9].
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SUMMARY

Chapter 5, Concerned with the oscillatory and asymptotic behavior for solu-
tions of the second-order mixed nonlinear integro-dynamic equations with ”max-
ima”

(r(t)(z∆(t))γ)∆ +

t∫
0

a(t, s)f(s, x(s))∆s+
n∑
i=1

qi(t) max
s∈[τi(t),ξi(t)]

xα(s) = 0,

where
z(t) = x(t) + p1(t)x(η1(t)) + p2(t)x(η2(t)),

on a time scale T, The oscillatory behavior of this equation hasn’t been discussed
before. The obtained results not only present some new criteria for such kind of
neutral differential equations and neutral difference equations as special cases but
also extend some results obtained by Grace et al. [4] and [29].
Results of this chapter are published in:
Filomat, 33 (10) (2019), 2907-2929. [8]

Chapter 6, deals with the oscillatory and the asymptotic behavior of the
solutions of the second-order neutral nonlinear integro-dynamic equations with
maxima and superlinear or sublinear neutral terms on time scales

(r(t)(z∆(t))γ)∆ +

t∫
0

a(t, s)f(s, x(s))∆s+
n∑
i=1

qi(t) max
s∈[τi(t),ξi(t)]

xα(s) = 0,

where

z(t) = x(t) + p1(t)xλ1(η1(t)) + p2(t)xλ2(η2(t)), t ∈ [0,+∞)T.

on a time scale T. The obtained results are new for both the discrete and contin-
uous cases. Furthermore, our results extend known ones in the literature. These
results accepted for publication in:
Sarajevo Journal of Mathematics, Accepted [10].
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Chapter 1

Preliminaries

This chapter is considered as a background for the subject of this thesis. We
give a survey of the related material included in previous studies and present some
basic concepts for the theory of functional differential equations. Also, we sketch
some preliminary results that can be used in this thesis and introduce some of
the recent developments in oscillation theory of second order neutral differential
equations.

1.1 Initial Value Problems

In this section, we give the definitions of ordinary and functional differential
equations.

Definition 1.1.1 An ordinary differential equation (ODE) is an equation that
contains a function of only one independent variable, and some of its derivatives
with respect to that variable.

Definition 1.1.2 [45] A functional equation (FE) is an equation involves an un-
known function for different argument values. The difference between the argu-
ment values of the unknown function and t in the FE are called argument devia-
tions. If all argument deviations are constants, then the FE is called a difference
equation.

Example 1.1.1 The equations x(3t)+4t3x(6t) = 4, and x(t) = etx(t+1)− [x(t−
3)]2 are examples of FEs.

1



1.1. INITIAL VALUE PROBLEMS

Combining Definition 1.1.1 and Definition 1.1.2, we obtain the following defini-
tion of functional differential equation (FDE), or equivalently, differential equation
with deviating arguments.

Definition 1.1.3 [45] A functional differential equation is an equation contains
an unknown function and some of its derivatives for different argument values.
The order of a FDE is the order of the highest derivative of the unknown function.
So, a FE is a functional differential equation of order zero.

Definition 1.1.4 The ordinary differential equation

x′(t) = f(t, x(t)) (1.1)

together with the condition
x(t0) = x0, (1.2)

is called an initial value problem. (1.2) is called an initial condition, t0 is an
initial point.

It is well known that under certain assumptions on f , the initial value problem
(1.1) and (1.2) has the unique solution

x(t) = x(t0) +

t∫
t0

f(s, x(s))ds for t ≥ t0 (1.3)

Definition 1.1.5 The differential equation of the form

x′(t) = f(t, x(t), x(t− τ)) with τ > 0 and t ≥ t0, (1.4)

in which the right-hand side depends on the instantaneous position x(t) and the
position at τ units back x(t − τ), is called an ordinary differential equation with
delay or a delay differential equation.

Whenever necessary, we consider the integral equation

x(t) = x(t0) +

t∫
t0

f(s, x(s), x(s− τ))ds, (1.5)

equivalent to (1.4). In order to find a solution of (1.4), we need to have a known
function ϕ on [t0−τ, t0], instead of the initial condition x(t0) = x0. The basic initial

2



1.1. INITIAL VALUE PROBLEMS

value problem for a delay differential equation on the interval [t0, T ], T < ∞, is
defined by (1.4) and the initial condition

x(t) = ϕ(t) for all t ∈ Et0 , (1.6)

where t0 is an initial point and Et0 = [t0 − τ, t0], and the function ϕ on Et0 is
called the initial function. Usually, it is assumed that ϕ(t0 + 0) = ϕ(t0). By a
one-sided derivative, we mean the derivative at that side of the interval. Under
general assumptions, the existence and uniqueness of the solution of the initial
value problem (1.4) and (1.6) can be established (see for example Ladas[34]). The
solution is sometimes denoted by x(t, ϕ). In case of variable delay τ = τ(t) > 0,
the initial set Et0 has the form:

Et0 = {t0} ∪ {t− τ(t) : t− τ(t) < t0, t ≥ t0}.

To determine the solution on the interval [t0, T ], we use the initial set

Et0T = {t0} ∪ {t− τ(t) : t− τ(t) < t0, t0 ≤ t ≤ T}.

Example 1.1.2 [2] for the equation

x′(t) = f(t, x(t), x(t− cos2t)),

t0 = 0, E0 = [−1, 0], the initial function ϕ must be given on [−1, 0].

The dependence of Et0 on t0, can be seen in the following example.

Example 1.1.3 [2] for the equation

x′(t) = a x(t/2),

we have τ(t) = t/2 so that

E0 = {0} and E1 = [1/2, 1].

Now, consider the differential equation of order n with l deviating arguments,
x(m0)(t) = f(t, x(t), ..., x(m0−1)(t), x(t− τ1(t)), ..., x(m1−1)(t− τ1(t)), ...,

x(t− τl(t)), ..., x(ml−1)(t− τl(t))), (1.7)

where the deviations τi(t) > 0, and n = max{max1≤i≤l(mi − 1),m0}. In order to
formulate the initial value problem for (1.7), each deviation τi(t) defines an initial

set E
(i)
t0 as:

3



1.1. INITIAL VALUE PROBLEMS

E
(i)
t0 = {t0} ∪ {t− τi(t) : t− τi(t) < t0, t ≥ t0},

where Et0 = ∪li=1E
(i)
t0 . On Et0 , continuous functions ϕk, k = 0, 1, ..., λ, must

be given with λ = max1≤i≤l(mi − 1). In applications, we often (not generally)
consider the initial conditions,

ϕk(t) = ϕ
(k)
0 (t) for t ∈ Et0 k = 0, 1, ..., λ.

For the nth order differential equation, initial values x
(k)
0 , k = 0, 1, 2, ..., n − 1

must be given. Now let x
(k)
0 = ϕk(t0), k = 0, 1, 2, ..., λ. If λ < n − 1, then the

numbers x
(λ+1)
0 , ..., x

(n−1)
0 are given. If the point t0 is an isolated point of Et0 , then

x
(0)
0 , ..., x

(n)
0 are given. For (1.7), the basic initial value problem consists of the

determination of an (n− 1) times differentiable function x that satisfies (1.7) for
t > t0,

x(k)(t0 + 0) = x
(k)
0 , k = 0, 1, 2, ..., n− 1

and

x(k)(t− τi(t)) = ϕk(t− τi(t)) for t− τi(t) < t0,

where k = 0, 1, 2, ..., λ and i = 0, 1, 2, ..., l. At the point t0 + (k − 1)τ , the deriva-
tives x(k)(t) are in general discontinuous, but the derivatives of lower order are
continuous.

Example 1.1.4 [2] consider the equation

x′′(t) = f(t, x(t), x′(t), x(t− cos2(t)), x(
t

2
)). (1.8)

In this case, we have n = 2, l = 2 and λ = 0. For t0 = 0, the initial sets are
E

(1)
0 = [−1, 0], and E

(2)
0 = {0}. Hence E0 = [−1, 0]. On E0, the initial function ϕ0

is given. Also the initial values x
(0)
0 = ϕ0(0), and x

(1)
0 = ϕ1(0) are given numbers.

A classification method for (1.7) was proposed by Kamenskǐi [39]. Let β =
m0 − λ. If β > 0, (1.7) is called an equation with delay (retarded arguments),
if β = 0, it is called an equation of neutral type, and if β < 0, it is called an
equation of advanced type.

Example 1.1.5 [2] The equations

x′(t) + a(t)x(t− τ) = 0,

4


