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Introduction

In this thesis, a study will be made about the use of fractional calculus in solving several
problems of mathematical and physical importance involving ordinary and partial differential
equations of fractional-order. These equations are associated with distinct types of physical phe-
nomena such as: relaxation process, oscillation process, diffusion process and wave propagation
cte. Consequently, they are of fundamental importance in many hranches of physics. They arc
also of considerable significance from a mathematical point of view. In the last few ycars the
applications of fractional caleulus has continued to develop rapidly. Nowadays, there exists a
great number of articles entirely devoted to the applications of fractional calculus. Some of the
~ main directions are: (i) Differential and integral equations (i) Partial differential equations (iii)

Special functions, and other branches of analysis.

The first Chapter consists of a sequence of definitions and preliminary properiics interlcavened
with many exa.rfaples which will illustrate the main ideas. We begin by reviewing the most basic
and known definitions of fractional integral (Riemman-Liouville and finite Weyl operators) and
its properties, and compare hetween two definitions of fractional derivatives (Riemman-Liouville
and El-Saycd approaches) from the viewpoint of formulation and the usc in applicd problems.
Also the negative-direction fractional calculus will be considered and some of its properties. After

introducing definitions and preliminary properties we briefly cover the background material which




is required for the sequel.

In Chapter 2, we develop a theory of ordinary differential equations with memory.

The nonhomogeneous differential equation with mewmory {unction k(L) is given by

Dx(t) = —[t ki —s)a(s)ds + f(1) , t>a.

This equation can be generalized to be

Do) = -\ /t Ki—s)a(s)ds + [(1), I>a, a€ (O1],

e where D% is the fractional order derivative.

Let @ € (0,1] and J = [a,b], 0 € ¢ < b < co. Based on the definition of fractional
order derivative D%, the finite Weyl fractional derivative W' and the formuiation of the initial
value problems of differential cquations of arbitrary (fractional) orders we study ihe following
nonhomogeneous initial value problems of fractional order:

(1) Forward problem
I D2 x(t) = — X [ k(t,s) x(s) ds + f(2) , l>a
>~ Y z{a) = gy

(2) Forward-Backward problem

. () = — b (s, 1) 7(s) ds , ' a
) Do z(1) AP k(s ) a(s) ds + (1), 1€ (a,b)

|
| z(a) = o
|

(3) Backward-Forward problem

(1L Wez(t) = — A f] k() z(s)ds + f(1) , t<b

T(b) = Thy

in the space C(J, X), the space of continuous functions defined on J with values in the Banach

space X. The existence of a unique solution of each of the previous problems in C(J, X} will be

i1




proved and some properties of this solutions will be studied. As a special case of (/1;) we consider

the following two cases of equation with memory

. Dez(t) = — X [l k(t—s) x(s) ds , t>a
(117)
.I'(a) = €L,
(11+%) Dez(t)y = — A [ k(t—s) DP w(s) ds , 0<p<La<l
l w(a) = Zp.

with the memory function k().
We end this chapter by showing how some of the results presented in the previous material can
be used to find a unique solution to certain cases concerning special functions in the kernel. In

brief we study the initial value problem

(11 D> z(t) =—Ji U_T;):);] V(8 el — &) w(s) ds = 57 2(t), o,y € (0,1]
1
z(a) = o,

where ;F) is the confluent hypergeometric function.

In the following two chapters we begin to demonstrate the power and usefulness of the results

obtained in Chapter 2.

Chapter 3, contains the first application of Chapter 2. Here we lormulate new general models
describing some intermediate physical processes :

By suitable choice of the function k(t), we formulate the two models

1. The fractional-order relaxation-oscillation model

(ITh) Do z(t) = — ptP I8 (1) + 17 (1) , t>0

(0} = 17y




9. The forward-backward fractional-order relaxation-oscillation model

D x(t) = — pP WP 2(t) , 1 €{0,b)
z(0) z(b),

(J11)

1l

that represent the relaxation-oscillation process. As special cases we study the following models
(i) The relaxation model;
(ii) The fractional-order relaxation model;
(iii) ‘T'he oscillation model;
(iv) The fractional-order oscillation model;
(v) The backward relaxation model;
(vi) The fractional-order backward relaxation model;
{vii) The backward oscillation model.

In Chapter 4, we deal with another application of Chapter 2, initial and boundary value
problems (IVPs and BVPs) of the Sturm-Liouville equations of fractional-order.
Let p{t), g(t} and r(t) be continuous functions on the interval J such that p(t) € C'(J,R) and
p(t) # 0 for every t € J and X is a parameter independent of t. Let B,a € t1],8>2a .

The general Sturm-Liouville BVP can be defined by any one of the following models:

, we ( p(t) e + Wy (A g(t) + r(®)=(t) =0 , L€ (ab)
(IVa) 9
L I(G) = Zg E'(b) = {}
- { Dy (p(t) E8) + P2 (Ag(t) + r(t) =(t) =0 , te(ab)
' z(b) =z , z'(a)=0

iv




The general Sturm-Liouville IVP can be defined by the model:

DE (p(t) DY (D)) + I8 (hg(t) + r()a(t) =0 , 1€ (a,b), y€(0,1]

zle) = @9, 2(a) =0

(1V4)

Here we study the sufficient conditions for the existence, uniqueness and continuous dependence
of the solution of cach BVP and IVDP staled above and then we find an explicit solution for them.
Also the continuation to the BVPs and IVPs of Sturm-Liouville equation of integral order will

proved.

In Chapters 5 to 6 we study some intermediale presses problems of physical importance.
In Chapter 5, we study certain models describing some intermediate physical processes such as:

Fractional-order Convection-Diffusion process

2uzd) = WP 2t e 0,1], te(0,T), x e (0,b)
(V1) u(z,0) = tup(a)

u(b, 1) (or u(0,£) ) = uy(bt) = 0

Fractional-order Transport-Diffusion process

2ule) = 2D e (0,1], te(0,T), x€(0,b)
(V2) u(z, 0) = uo(z)

u(0,1) (or u(b, 1)) = ux(0,8) = 0
The method we used consists of two principal steps:

1. We prove that the operator , W, " ?«‘!—?‘g—'tl with the domain

u(z,t); wu(z,t) € H*0,b) n C((0,T); Ly(0,T))

u(b,t) = ug(bt) = 0, Viz0,




-

—_—— ——

or the domain

w(z, 0);  u(z,t) € HE0,b) n C'(0,T); L(0,T))
u(0,0) = wug(ht) = 0, Vi

and the operator ,/° L;Lf—tl with the domain
u(z, t); u(z,t) € H*0,0) N C(0,b); Ly(0,b))
w(0,0) = ug(0,8) =0, Vi=0

or the domain
u(z,t); w(z,t) € H*0,b) N C'((0,b); L4(0,6))
u(bt) = u(0,1) = 0, Yit>0

gencrate a semigroup of bounded linear operators.

2. We use the property (1) to prove the existence of a unique solution of each of the previous

problems by applying the semigroup theory.

The continuation to the usual convection, diffusion and transport processes will be proved.

In Chapter 6, we give the more convenicnt defimition of the abstract fractional-order diffusion-

wave problems as

(D-W) Deu(ty= I? Au(t) t>0, a€(0,1], >0
w(0) = wo
and
_DW) Sea(t)= 577 A u(t) 1<0, ce(0,1], >0
U(O) = Up,

and then study the continuation properties of this problems to classical abstract diffusion, wave
problems and fractional-order diffusion-wave problem, where S$“ is the negative-direction frac-
tional derivatives and A is a closed linear operator with domain [)(A) dense in the Banach space

X. And as special cases, we study models that represents the following processes

vi




(i) Abstract diffusion process;

(i1} Abstract fractional-order diffusion process;
(iii) Abstract wave process;
(iv) Abstract fractional-order wave process;
(v) The abstract backward diffusion process;
(vi) The abstract backward fractional-order diffusion process ;
(vii) The abstract backward wave process;

(viii) The abstract backward fractional-order wave process.
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