10§lDé‘l_U'éloélD'él_u'élDé‘_Ué‘lo'élD'§l0'§lDé‘D%‘D%‘D%‘D%‘D%‘D%‘D‘X WDH
)

5, i L L ..:-:
et bl b k|
@ ASUNET

datiy bl i gl | it

m-)@(-o,—)&‘o.—)@(..;o-—)@(-:cpw&-c.—)@-m-—)@(qa-)@(—m—)&qo.—)@(qop)&qop)&qo-—
AN AN N NN N AN NEANTAE

¢
%é
?
%é
?
?
?
%é
¢
?
?
%é
?
%é
?
%Ié
?
%Ié




lO%lDé‘_U'éloélD'él_u'élDé‘_Uélo'élD'§l0'§lDé‘D%‘D%‘D%‘D%‘D%‘D%‘D‘X W

A
i
o

datiy bl i gl | it
i '

” s
A
» 4
\Guinl

"“""h.‘

af

ot g

L 4

L

head) oz
wbls

m-)@(-o,—)&‘o.—)@(..;o-—)@(-:c,-)@&-c.—)@-m-—)@(qa-)@(—m—)&qo.—)@(qop)&qop)&qo-—
AN AN N NN N AN NEANTAE

¢
%é
?
%é
?
?
?
%é
¢
?
?
%é
?
%é
?
%Ié
?
%Ié




lO%lDé‘_U'éloélD'él_u'élDé‘_Uélo'élD'§l0'§lDé‘D%‘D%‘D%‘D%‘D%‘D%‘D‘X W

A
i
o

S bt Wi
shoid)
il it ek

@ ASUNET

datiy bl i gl | it

it

=
) odd (s

*d

issh
9 Mol
i il (09 @i

Ny
alf galsadl oan Giss

* & ¢o

&

i
O e

o il Bl o unkitiad ] il
g il

&a‘:?.m

dlg g Sl Guiga
e died

RPN EET DY o
@ ASUNET

Shad) s
~—

m
Y
ﬂ' :
-

m-)@(-o,—)&‘o.—)@(..;o-—)@(-:c,-)@&-c.—)@-m-—)@(qa-)@(—m—)@(qo.—)@(qop)&qop)&qo-—
AN AN N NN N AN NEANTAE

¢
%é
?
%é
?
?
?
%é
¢
?
?
%é
?
%é
?
%Ié
?
%Ié




g
§
§
§
§
§
§
§
;}
§
§
§
§
§
{
§
§
§

P e Ba
! i s La
e bl b k|
@ ASUNET

datiy bl i gl | it

m-)@(-o,—)&‘o.—)@(..;o-—)@(-:c,-)@&-c.—)@-m-—)@(qa-)@(—m—)@(qo.—)@(qop)@o,.-)@(..m—
O EH AT OSSOSO

¢
%é
?
%é
?
?
?
%é
¢
?
?
%é
?
%é
?
%é
?
%é




lO%lDé‘_U'éloélD'él_u'élDé‘_Uélo'élD'§l0'§lDé‘D%‘D%‘D%‘D%‘D%‘D%‘D‘X WDH
)

5, st BB --::_
e bl b k|
@ ASUNET

datiy bl i gl | it

op)ég-op)&m.—)@(qo-—)@(qcp)@&-c.—)@qo-—)@(qnp)@(—.w—)@(qop)@(qop)@l(o,..-)@(qo.-

A

W
AN AN N NN N AN NEANTAE

DélDé‘Dé‘lDéloélnﬂé‘lDé‘lDé‘Déloéloé‘Dé‘Dé‘Dé‘Dé‘Dé‘Dé‘Dé‘D'




On subclasses of close-to-convex
functions and related functions

A THRESIS

Submitted to the Mathematics Department
Aswan, Faculty of Science For Partial

Fulfilment of Master of Science
(Mathematics)

BY

NEHMA AHMED EBRAHEM

Supervised by

Prof. Dr. _ Dr.

A. S. Mashhour H. R. Abdel-Gawad

Faculty of Science at Tanta Faculty of Science at Aswan
Tanta University South Valley Universit

(1995)







. To ...

The spirit of my father,
& My Mother and

My Family....



ACKNOWLEDGMENTS

I wish to express my greatest gratitude to GOD Almighty,
who gave me the strength and the knowledge to bring this
thesis to light.

I am greatly indebted to my supervisor, Prof. Dr. A, S.
MASSHOR Professor of Pure Mathematics, Faculty of Science, Tanta
University, for his supervision to this thesis, Constuctive

advice, and continuocus encouradgement.

I have pleasure in thanking Prof. Dr. A. M. KHIDER,

Mathematics Departement, Aswan, for his encouragement.

Thanks are also due to Dr. A. A. El-Nahas, Acting Head of
Mathematics Departement, Faculty of Science at Aswan, South

Valley University, for his kind help.

It is a pleasure to express my gratitude to my supervisor,
Dr. H. R. ABDEL-GAWAD, Lecturer of pure Mathematices, Faculty of
science, South Valley University, for suggesting the problem
involved in this thesis, his endless help, encouragment, advic

and instructive guidance during the preporation of this work.

I wish to thank also Prof.Dr.M.A. EL-MAGHRAPY, Dean of the

Faculty of Science, South Valley University, for his encouragment
and unfailing help.

I would like to dedicate my thanks to Prof. Dr. A.I.KORAIEM
and Prof. Dr. M.T.AL-HATY, Vice Dean, Faculty of science, Aswan

South Valley University, for their advice and encouragment.

Also my deepest thanks for Dr. M. M. EL-KADY, Lecturer at
Faculty of Sience, South Valley University, Mr. N. M. ALI and
M. E. HUSSIEN, assistant lecturers, Faculty of Science, Aswan

South Valley University, for their sincere cooperation.

My special thanks to my colleagues in the Departement of
Mathematics,Faculty of Science at Aswan, South Valley University

for their valuable help and advice.

NEHMA A. EBRAHEM



CONTENTS

":"‘

L

%
NI
37
P,

CEIRINIIIEIRIRY
RN

s

’ 4,
s

KK

ShE
&K

a Y
2

S
LA
o

R

(4L
DRI
1By B
g,

oS

R

',

S S 53
LR
R R
R R RLI TSI SIS LY,
Il:‘:‘:l'
S

SRR ERERY

b

PP
2RLLL

TR
,
vr




Z
I

 /
Iu
i

1

CONTENTS

Page Nao
STMMAEY s § 5w v omrbn § 6 5 oo ¥ 5 SEE 5 0 G SRS & & OS5 @ 6 SWess & o @ & e e
chapter 1: PRELIMINARIES i cowcs v vomes § v gamawes o o o awveva § 5 & 8 oammees e
1,1l IEToREE T e ceoo zx namis ¥ ¢ pesime s w5 U daEE EEE SaEE il
1 B HEEITAETORE o & o sovas 5 % o amons @ 8 8 wEasice § 5 9 SeIEEEmE 8 6 B R s 2
Bod KHOWH POSULES w5 venn a s o oonm 5 2 & 0as & 2 & S00iaes & @ & § Swas 6
Chapter 2: A SUBCLASS OF CLOSE - TO - CONVEX FUNCTIONS OF
B T, s e sibits & Db 8 Baad 5.7 RGNEE S BE§ Rl 13
2.1 DNEROOEOTI o & v cnsni ¥ 8 e ¥ @ SR s ¥ 4 B SEIRSGs B8 ¥ £ = 13
2.2 Distortion theorems and coefficint estimates for
the class Ja ...................................... 14
2.3 The Fekete-Szegd problem for the class Jd ......... 18
2.4 'The PEd1UE Of CODVERIEY wwwn v s vames % 5 % o siwemees « o & s 22
2.5 The behaviour of the partial sums...........cou... 24
2.6 Growth problem for the class Ja ................... 27
2.7 Some growth problems for the class J ............. 36
Chapter 3: A CLASSES OF UNIVALENT FUNCTIONS WITH NEGATIVE
COEFEICLENTS:: v g s o o v ¢ cowven 8 8 VOmmes s @ B SOSEe@e & & @ & 41
3ol TREFOOHCETEON cowh b s inss bbbl EF § R IS SRR B 5 6 41
3.2 Some of the basic properties of functions
LB (BB o o s 3 g s 0 5 s 6 3 s & e & e 8 S 43
3.3 Some of the basic properties of functions
in Nt(a,ﬁ) ........................................ 52
RELBEEIICEOS, v w v 5 5 wpsisns & % Smvsss & & & S0 0 6 s 0 SR © 5 seams & & 0 & o 8wl 4 61
Erabie SUNMMATLEY - i oo s b ot s 5 bahon s 5 80wy 5 & 5 eeeiens § § ¢ oot s 4



SUMMARY

X
s

SRR LRLRLARARARR R LY

S5

L

$Ss
&L

2

R
D00
55
200
S

X2

YR LLLL
YT IR L L LR LR LR LR RRLLLR,

LR ARAL
YRR ZRAZLLRRLZLRARL

¥

SRR HLY
N

KERRARRKAASSS
727,
R

B
R
Ill\l_ll\l_‘l_l

A A LA A A AL RAAA
TS

FERLLLLLALLLLLARIAS

ASASRAAR RGN
5

5.5

ARRRARLRRERY

\\\\'\\

(A
ANy
fl‘ll

SRR

'# o

LA AL LA LR LLR
YL LR LLRLLL LR LKL
LR RARARALRRALLL
AR LLERL LRGN

&L

AUSHARRRRRR{KRRY
XXX AR RRARRRRRRS
YRR LR LR

24,

ARG

\\\\'\\\

ARRR{{RRY
J‘IIJ&I‘:‘ ’4,

&
S
R
&K
2

XX AR XXX R RRRALRLA

IIII{II
ALHRLLLRRRRRRRRRRY

BRRRRRLY
DR

e o b s B GRS S LSS5 5
PELL,

YRR LR ZLRRRRAA

R AR AL LA

Il‘fllll

PN
S5

KK
&4
{‘l
A

S
N
lll‘l\’!
P
!

FFELS
R

S

R
iy

',

L EE8E888EEEEEEEILELE
',

S
LA
s
Y
AR RAA
G
LR R
RN
o
\\\\\\\\\;
AR ARLLRRY

i
5,5
SRR
o
SHLLLAREALLARLARARRLRRR LAY

YRR AR R X AR L RRRRL

%
&

2

KK

&K
TSI,

7

e S i 6,555,555, 55

NSRRRRYY

XXX LR X XA ASRARALL

E AR LA AAALL

3
II‘I{I

R

LA
&

JIIII\II

’\’\"\’\“\

S
ASSALALLLARARRRRRARRRER SRR LY

S
SRR

III‘I{II
'
S
\’\
S
S
%
!

'
3 ”\’\’\\\\\\\\

5
S

ShY
A
LA
%
o
!

',
5.5

I‘l‘l‘ll’ LLLLLLL,

b
%
LR

ANAHARARAL AR LR KRR RREYY
!

S 3
S, O,

R AR RN
\’\\
2
R,
N
',
2
Ny

SRNLY
ANRRRY

%!

R ARALLL
B
)
N
3

SO
RELL
R
AR RRRLY!
’:\
o0
> ::c >
LA

Ry ’
o
RRLLLALLLILL
RREZLLLLEXLL
L
Y
&K
PO,
REK
KK
o
IS,
PP ILI I
oo
S
&K
%
o

R

Y
!
R
\'\
3
'
'

L lll‘flll

S
R
AR

R
)
LA
RRRRRYY
SIS

L

A
AR ALY

RRRR LY

&K

%
'II’\I"

&,
DO
RN

o

S

',

4y

'

B

',

4y

&

%

P,

5.5
35505

YA ARALR
LA
St
CRARL
NNARRY
LLRLLLR
\\?\ >

L2
Y

$19%:
Y
KRS

3
TR

&
ShY
A

,.
o
IR
R

L
&K
',
RAAES
K
X

S
&
(A «l
P LELPE

LRLRELLLL

R

R

TARKR

X2
R

S
2
2

b

&

ey oy
S ELEL
S
LIS
I
2
CARRA
Y
AR
R
LA
N
2
R
XL

33
5
Y
%
LR
%
Y
%
R
&5

L0
.r
AT

CRRAL

s
B
'
’\’\\\\
o
b
PRIILIR

S5

ALY
BRY
i
55
X2
YA
o
0%
L
!
&
R
P,

he
YL

2%
2
',

R
AR
SHRY
2R
A AR
88
LKA
St
K
{{III"
S
R
S5
II«
LKA

A IR RTINS
AT DTN R I DT
A A A AR AAAAAAAAANA
RININININININININZ sl lnsnlns NNl
B A A A A A A AR IR IR IR AT
S A A A A A A A A A S A A AT A A S
b N A N AT AT NPT ST T IR
R I I AN E NI STINOSA I NININS,
B A A A A A RIS
VANAARARAINIAANY
LA

8
)

SRR
SRR ARRAA
ALY
I LRRALALA
5555 Y
A AR AR
Sk Y
BRI
A A
BaSd SARKRLAY

SRR

QIR
R
\‘\\ 5.8
R
R
R
\‘\

\’\ N
\’\

‘-

28 888LLLLLI1
&K

A
SRS
”\'\\\\\\\ N

ll‘:ll
5
!
(4
%
5
!
T2
\’\
\’\
\’\
\’\
)

BRNY
R
I\I
%
l\l
{f
I\I
l.'l
'y

S5

3
’\’
I‘l
I‘I
l\l
3
f\l

37

N TN NI I NI TN IIISISISISINIIY,
N N N N S NI IR IO IN I I NI,
P A A A A A A A TR AR AR

LA



SUMMARY

Denote by S the class of functions f which are analytic

and univalent in the unit disc D = { 2 xlm = 1} in the complex

I

plane C and normalized so that f£(0) = f (0) - 1 = 0. ©Let P

denotes the class of analytic functions

which have a positive real part in D.

The subclasses of S consisting of functions which are
convex' convex of order o, starlike , starlike of order a,

close-to- convex and close-to- convex of order a,are denoted by

By & 2 B, S; , K and Ka respectively. Such that, for a = 0, we

have C = C_, S*: S‘ and K = K
0 0 0

They are related by the inclusion relations

ccs" cKes, and &, & s{; . (see [13]1, [21], [28], [38]).

In, Abdel Gwad and Thomas [2] are considered a certain class

J of analytic functions for a subclass J in K, such that J < K.

In this thesis we develop some of the basic properties

of functions, a subclass Ja in Ka’ such that, Ja c Ka.

The aim of the thesis is to define and study some classes

of analytic functions in D.

This it consists mainaly of three chapters.
In the first chapter, we recalled the known results for the

various subclasses of S are listed. It consists of three sections:



(ii)
§ 1.1 contains some preliminaries.
§ 1.2 contains the definitions, notations and basic results
that are needed in the subsequent chapters are given.
§ 1.3 known results about some coefficients, growth,

distortion, other theorems and Lemmas.

In chapter two we develope some of the basic properties

, it consists of

of the functions in a new subclass Jd of Ka

seven sections. A variety of problems are dealt with, including
distortion theorems, coefficient estimates, the Fekete - Szegd
problem for the class Ja are given, radius of convexity, growth
problem for the class Ja’ and growth problems for the class J,

(length - area) .

Finally, chapter three introduces the classes Rt(a,B) and
Nt(a,B) of univalent functions with negative coefficients. |

Sharp results concerning with the coefficients,distortion
theorems, and the radius of convexity are determined, it is also

shown that, the classes Rt(a*B) and Nt(a,B) are closed under

"arithmetic meen".
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