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Abstract

The aim of this thesis 15t study mange Lheuies a8 a standard tuul {uc
deseribing intertetjons winn gEravily

I chapter 1. we give i ety intrednetion fur vhe unificel theories. The
rheory of SUpeLEravity, an elegant, frmal goneralization of Einstein's theory
= introdured. The sralar-tensut theay of Brans and Dicke ns a taeory with
verving gravitational corstant and rhe inflabonary ceenariv 0 1he very eacly
universe are disenssed. The idea uf exrended inflatiom as 8 muodified gravity
theory tor PBrans-Dicke theoty 15 exxplained. We ond this chapter Ly discussing
the induced gravity model which differs from Brans- Dirke theory by the
existence of a potential ¥ (g} for the scolae fleld g

Chaptey 2. gives Lhe required mathematica! backuronnd for the study of

vange theories: such as £her Lundle and conmectiuns , since the nomn-alelian

Yang- Mills fields, fov example, may be {hough as the ourvatire uf comnection
in an SU(2) principle Lundle. These gage fields are invarizns. under a Lie
wpunps ol gpace-times Aiffeomorphisms. We end this rhapter by sec.d.5in which
the definitiun of characleristic classes as tupotugical invariants of the wector
rndle assucited tu the principle bindle are FIveTL.

In rhapter 3. we present. the cuherent enate approach fu ihe guanti-
cakion of the sonpled SU2) Yang-MMilis-Finstem systein fur the conformal
Robortson- Walker space-time. It is sl thal the cuherent state will evoive
with Lime accurding Lo the effertive porential genesated Ly the nun-abelian
sauge thewry and non rrivial fupology. Ir is also shown that there are fwe
physinal different phases depending un the geuge ecmphing value. Fur smrall
conpling lomih £ < f. = 11,—) Luth non-topologieal vacunm and fopolugical
vaenmn ate pussible, Above the valae L. unly the topological vacuu with
ihe {rartional Chern-Simen chavge 1/2 1 pussible, These resuits are pub-
lished im: Class. and Quant. Cravi, wol. 12 (1993) ppe 3007-2012. see
[68]. The vucuur energy {guarium currection) is found to be vanish when
i — U and consegquently, the Yane-Mills rustvlogy 15 identical fo the guan-
oo Yang-Mills cosinulugy.

In chapter L the relation Lorween Brans-Dicke theory and the inferaciion
of woelinn gange field with sravily and supergravity s investigated. TS
diown that this gange fleld produres an cxcbernal forrs and has an oscillator
i the rase of Lhs interartaon Letween gauge feld and gravify which iz prowing
Ly this external furre,



Tt is found also 1hat the scala factur is nflating and growing for the
lelian gatye ficld produces previtationzl field and is mflated b i, The:=c
Leadrs ave given in a talk ol e X111 Internasional Sehool uf Theuretical
i : Phyveirs ~Slandard Modeld and Tevond 837 September Fa-gl). 1885, Hzeevik,

i Buland.. see [E}L'j]
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1 General Introduction

Foi nvery lony time une of the mam ol jeetives of phvsics has Lieen to find
a mifying, cunnun cxplanation for variuus, appacently difersnt phenumena.
Tt was Maxwell who rfed elentrieity, mapnetism and gcht. Eimnslein in bug
special theory ul velalivily ymified the cuncepts of space and tlne, and larer he
gt fugetlier geumet 'y and dynamics to create the general Lhoary ol redasivity
{CTRY, une of the must mpressive acalevements of rrodarn phyvsies. Aot of
effort is runcenfrated un attemphs o vnify the thres frndamens.a inferartions
in elemnentu v particle physics: slectromagnetic, weak and strong un. The
st muccess in this divection is the clertro-weak theory of Glashow, Salam
and Weinlers (Nolel Lectures. Decernber ¥, 1874, pullished by Pergamun
Press (901} and hopes exst f inending alsu the strong foteractions within
e frame wurk of 8 Grand Unified Theury (GUT). Huwever, the fourth and
mosl nnjversal [ures-the wravibiunal wne-srems Lo e ignured Ly elementary
particle physics, Ik is foo weak and characterized by the dimensional conpling
~onstant. Newtun's cunstant. (1067 feb7 )2 (its typical energy scale 18 gven Ly
che Planck mass Af, ~ T SRS TR should not contribite sirnilicantly 1o
procosses af present vl evern [ureseennle energies. For instance, in she widely
disenszed GUT mudels the nnifeation of stronyg and clectruseak interact UE
s expecied to roke place an cnergles of the vrder L0MCeY [82]; alsu, pear
Liark heles ag well as in Lhe early yniverse (Biyg Bong) huge sravitational
fislds are suppused fu cause m-trivial gquantiun effects. This encrgy 15 ol

" e to the Planck mass M, ~ 107G} above which gravitational cflects

are experted to berume jmpurtant.

The duminant philsuphy newadays 15 that the fuuy fundamental forces
ave nssueiated with gauge symmerties. Indesd, the electrumagnetie field 15
the ganze fleld of lucal U{1} symmetry, the gauge grip SU(2) x U(1) is the
Lusis fur the clectrowenk mudels. the ghiun {strung interactior) Belds are the
gange fields of lural ST() [19,, [62]. Finally, she gravitational interaction is
Lelieved 1o Le ranisd by the meto: fizldl of yeneral cuyrdinate L1 ansforma-
fiums [ulee interpreted as the gauge theory of Puineare group) Moreover, all
attommpts af cunstrucling CHT s nre Lased on gange syrameties (e.g SU(3).
SO(10Y ere.) [181 Une can say that the choice of gunge gooup is the start-
ing point fur boilding GUTs. In an atternpt to deserilie strong Interssiiuns
at classical level, C.NYang and R ills proposed in 1953 [95] vhat the La-

siangion of the interaction howld involve a putensial with values ir. the Lie
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algeun of the non- Alelian grogp ST(2) [desrnbing The deprees of freedom
of iworupic spin. Mlarsuver, vhi= Lagrangiun should Le invarians nnder the
grongr of lural prernol svinmetries, azaln called vauge {raspiurnmations, Such
theuries huve Laerume Liown as gange theovies. which we hope 1o Heseribe
A internctiome mmung elementaly particles, In faei an SUGRSTH{ZixU(L)
Vone-Mills theury. the su called standsrd raudel [14] can provide the lasic
[rame work for nrabving electrumagnslic, weak and steemg ipteraciions.On
the vther hand, general relativity can be described Ly a nor-Abelian gunge
theory. lowewver, trving to anify graviey with the other interartions one has
prollems with the symomesry imuotved, The puint 18 that gravity i Lased
o A Space-time Fullge symietry whereas the remaining ingeractions have
to ol with internal gage S¥INImerries. Therefore, a new symmelry cunbin-
ine spoce-time and internal space i@ roquuired.  Again, SUr1e YRALS agu such
SYIIMETies wele Lelieved not ru exish (" na-gu theoremn) becanse an interral
syTmetTy £I1 chanpe neither spii LU IASE.

Ginre fhe disCUvEry of snpersyrmomety in 1071 Ly Gol'fand and Likht-
yoan [ the stuation is changed and the way tu aveid the gtrctures of
rhe '"n-:.a--gu-’r.lw:;lrr-m""p':uvecl tu e the genevalization from gronp of symme-
ries to praded grongss. Gupersymmel Iy 15 Jefined os gradad extensiun of the
Puincare’ awgrlva and 1 te the only known wey o have a nun-teivial nrifi-
eation uf space-tume and internal symmetries of the seathering maitx In &
relativislic puarticle theory Wil L08).

This leads to the Licth of supergravity 125], which i 2 theory ol uni-
frasiun of Finstein's theory of gravitation with matter, varticularly of the
half-integer span {fermions). The mush shraightforward of conetrueting st
pergraviry theories - to take the fields describing the varions patticles i fie
grm'it.m.iur;nl snpermunllipler arid 40y tu arvangs a 511}:91'53?11’11’:‘1?1..["_( internction
amwng thent urder by order is the roupling constant . The fust big success
was for N =1 pure glpergravity {i.e wikhuat mattary which 15 Lknwwn 4s the
sirnple supergravily model,  Extendad SUPEYELavieY yodels Tor N — 2, 3.4
fiove Leen alme cunsto wted 113] and hi ghe-duivakive anpergravily and N=1_.
Yang-Mills theorics ara iveshigared 14

Az 1t should have become apparent, supergravity for the time Leing is
jote a peneval frame worle (hian a ronorete physical theory. The exlended
mpergravity theories represent an olwions qualitative sUCCess. The gauge
principle Jf extended lural £l RIRVTRINCLYY provides 1 way to anify the mavi-



ton with the lower spin fields and Einstein gange inverianee with infern al
synumetry. o instance, within the frame wurk ol aimple SUPCLETAVILY Cuu-
pled tu sanply guporsynunetric matter une cam cunstnes modals which are
alimost realistir, Ancther case which doserves meve study 1s that uf v =4
el vty eoupled Lul = 4 Vang-viills heury [981. One may aak the
fulluweing emiestiunn Duss supergravily 1eahze Einstein's dream of giving a
geumet ric meaning b a1l elermentary fickds? This depends on ome’s idea of
what geometry i, The fact that felds of different spins, including the gravi-
tativral field, belong to the sane reducilye representation [supernudtiplet]
of an alpebra should satisfy those fur whuom geometly can ue redured bo
avonp vheory But if one is asking for un approach mere along the lines of
differantial geumetry, it is important te ohserve that supergravify can be du-
ceviled in terms of the differential geumetry of 1 supermanifold, superspace
[57]. Just hike Finstein's theory of gravization can Le obtainea by genel-
alizing flat Winkuwski spane tu eurved space, cimilarly swpergraviiy can e
descrilied geometrirally by studying a suitable superspare. which generalizes
the rigid superspace of global supersymmetry.

Thue, we see that epergravity leads ta -he development. of wo ele-
gant mathematical technignes. both coneerned with an enlargement of the
Ep-dimensional space-time of Einstein -heovy: the superspace technicque,
in which the additiunal eoordinates are farmicnic, and Lhe mure traditional
highet dimensiunal technique of ihe Kaluza-Jlein variety, in whick the addi-
tiumal courdinates ave Losonic.

Tuw as an alternasive to the standard theory of gravivativr is the scalar-
tensor thewry since all theories nnifving the knuwn elementary inreractions
prupused so far predict the existence of ot least une scalar feld 31], [24). L
wamins jnevitable that any scalar femsor theory resulis in & variable G-theory.
a2 theury which imvolving the pravicational constant (* as & variable wath time
o €1 ~ T wheve T is the age of the universe [73],{70].[88]. This led Brans
anck Dirke |16] tu assame that space-time can Le represented Ly Lorentzian
myanifule and the field equations for their sheory arve:

L BT, . o 1 ,
Ii?ui- ) ‘R_ﬂ’ur - _.Tu-h + e {I.I'J,::r;?_-'l - ,_fj'cﬂ-"q"_-:"f:)- ] F - I:‘:'—";uf? - .'?:LtlDWl]
2 i o 2 . g
tlie sralar field ¢ satisfying the wave equation
y BT
O = 'y = -—— 1
' A0 2w



whore w is the dimensiunless "Dicke coupling constanl”, Fur details of the
aliove eguations see sec.d.3. Thie i ihe Lagrangan of Brans and Dhcle £ae

! and in-

ronpling cunstant o general velativity thos becn veploced by ¢
stond of attaching it o the malter Lagrang.an it is affized o the grometne
eralas K. This effectually means that the equarions of motiun anel the conser-
wvation velalions ave not distribited even thengsls the coupling 4 1s nuw a feld
variable. The coupling constant w is 1eft, undetermined which is an oleiuis
weak poinl of the theory altnough it gives sume stope for mamnipulation when
questione of B with olbservational dala are taken op. Cusinelogicar solutions
OF the Brans-Dicke are disenssed in ree. .3 and ean be found in [73] chapter
g, More recently, cusmological models with variable gravitational rensrant
G are alsu faund by Arbab [5] and Becsham [11]. A modehed Brans-Dicke
sravitational theury 1s introduced fost iy Smalley [74].[80] incorpraiing the
assumption of 8 nunzero divergence of the cnergy-momentrm tensor which
depends un the curvature and specifically shat 1t is propurtional o the gra-
diend. of the scalar curvature, This agsumpsion is established Ly Rastall [72].
Un the other kand Smalley [#1] derived a protetyps of Rastall’s version from
4 variazional principle. Howewer this prutotype theory has variable gravi-
tational “ronstant”. This theory is founé to ke equivalent to le modified
weneral theury of relativity Jbtained n 1998 by AL-Rawaf and fans [4].[4].
A theury Lased on derivafivn of the gravitatiuria] Aetd equation without re-
quiring enevgy- momentuym congervation,  From this point of view 3] the
radefied general theory of relalivity may in fact be cast n the form of o
variable evsmolugieal oodel T3],

Aypain as we have mentioned, all theeries unifving the knuwn elementary
interactiums propused so far predick e existence ol aé lesst. une scalar feid
. This reguerics ilso tu tale into account its potential V). Sume (ypes of
potenrial have leen cxtensively Lsed in Lke lileratnre [2], [31]. Sinee the last
two decade cunsiderable interest apuearad in the study of rhe cosmolugial
runcequences of syremetry Lrenking phase transiions, which urcur in grand
vnified theoies (GU s} with the dervease o temnpratilve ok very cacly sTages
f the evolution ol the nniverse 153}, 16]. These phose transitions typically
are strongly first order. The life time of the supercodled symmetric phase
o = 1 {yp 1 the Higs sealar fickd which vreaks the symmetry) in suie
theuries may be extremely jarg- In that rase the energy-rournentiim Lensut of

particles in the phase o = { almost wanishes in the course of expansion of the



universe and the tunal energy--numentium tonsor redures to the vamnem stress
Lenser {vusmalogieal fenm]. This leads to an expunential fost expansiin of
the 1miverse @ ~ cft where ais fhe sale factor and H is Lhe Hulible constant

at vhat time |[TO.
e 1

li = ()Y W)

where M, s 0™ GeV is tlie Plani mase and ¥{0) s the vamuin encrgy.
Ther at sume ompatatively small teynperatire T the symmetry Lresking
phase fransition tales plare, all the vacuam ernergy V0] cransforms into
thermal energy [35],[46). the universe is reheated up to the temperature 1) =
|1{U]]% and its farther evolution procerds in a standard way [97}.

A ruost detailed disenssion o this scenario is corhained in a very interest-
ing paper uf Guth [40], where i{ is shuwn Lhat the existenra of a sufficiently
lung period of expunential expansion {nalled inflotion) in the early universe
would provide a natural selition of the harizun and datness problem m <os-

Cmclopy and of the primerdial monopoele uroblem in grand imifleq theories

[70].[534]. This Cutk’s riginal influtiom scenario, unfortnnstely leads W some
unacreptavly conscqUEnees, recuenized Ly Gurh himself and by other mi-
tlors who have studied this prollem loter i11](21].[8]. The flaw in “his"uld
nflution” model is that the de Sifter expansion never ends. This Haw is
soretimes seferred as the " grareiul exist’.

A new fype of inflativnary scenavio Lased on merric formydations of grav-
. c.g, & Brans-Dicke tneory of gravity iz
snguested Ly La and Sreinhards ‘[-ﬂ{ﬂ andl called it “extended infaticn™ mudel.
Trs key feature is that the cfeetive pravitational constant (; varies with Liine
die to non-mirimal conpling of a scalar fiend to the sealas enrvebure, In this
new inflation model. though, graceful cxat end surcessful inflation are attain-
e thrungh the intruductin of this mernc theory of gravily uf Brans-Dirke
for whirh the activn is given by

ity different frum that uf Einsvein

H 11} L i{jfﬁa_#{%li
i fim Reny i

H = [:i".‘].‘v"‘.—_ﬂ{—' + 'EIHIIIT-“.T:I

where @ = 2714 fes, the kinetic serm can Le written in the stendard way
N 1 . R 2 1 U I
5= ol W _ﬂ{_-EdJ i E.{J’I .r_}“d;ﬂqu + Eﬂml’.ﬂ.r)
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The Brans-Dicke field & rouples wu oravity and is responsible fer the time
vaviation of G, The inllation field o contrilintes t e and provides the
neacly cunshant vaomurn FReTEY densita that derives inllution. o 15 o dimen-
sionless parazneter of the thewry. Drans-Dicke pravity becomes ilenticsl Lo
Finstein gravity as w oppracics imfimity.

A alternative avproach to inflatien was sugested by Linde {3 in which
o sealur Betd Tolls down & putential from sume nitia! large valine ard detives
inflatiun by its putential encrgy. MecDomale [A2] stindied the cose where Lhe
sealar fiokd driving the inflation corresponds tu & matter scalar which 15 min-
imally coupled fo gravity, Un the other hand, the exterded milation rmodel
failed because the requirement thal. -he pruduaetion of larg Bubbles nut dis-
tarbe the isotrupy of the universe led to the constant w 90, which is at
adds with observalional eostraints w 2 500 [48]. Howcever the ubservational
cupstrairt olds in “pure” Brans-Dicke theories and it the BD field hae srmall
mass, the constraicl will suk apply. It ia easy tu sec why: In the limit thet
I = const. Brans-Dicke 15 equivalent ta Finstein gravity, The coefliclent of
the & kinetir teirn is proportional Lo w. As w hecurnes large, the kanetis
term decuttples from the low energy themy ard ® Liecumes cunslant., In this
way lavg w Brons-Dirke theories are indistinguishable rom Emnstein. Huiw-
wver thore 15 another way tu avaid the wheervativnal constraint; to wlve the
B feld a mass. I there is sume potentiol keeping anchured at sume value
(nasmecly (167C T )l Gy Be the presond valne of the gravitional comstant),
tien the luw-energy limis of Pravis-Dicke will again resemble Enslein grov-
iy, Modele wich potential for & are colled Tinduced gravity” modes. The
key difference between induced gravily and Brans-Dicke theury [2] s the ex-
istence of a potential Vid) for ihe scalar field . Neglecting the porential. the
by theoties ron be mapped into une anuther Ly & sirple fie'd redesinition,

ginee .
Lpn = PR+ %{E}‘P\J‘"‘

seifing )

= r_ ;2

i 5 3]
andl

w = (1) !

Lakes



The differenre arising fruen the inclsion of o putential is important. Be-
conze of V{8 ot luw energies (7 35 strongly anchored al ite presertly nea-
arved valuss for low energies Lhe theory is sdentiiul 0 peneval relutivity with
the gravitational constbant, €2 = (dm = ¢ =271 Only at very kigh elergies
does the theory deviate fram peneral relativity, In sec. 4.5 a study s cnvried
ot vwhen the inferaction Lefween sealus field and gravity in Brans-Tlicke ihe-
ory is veplaced by an interachion Letweean abelian gange Held and suporgravily
[96).

Very recent'y Pork and Youn [69] studies the conferma, conplims i in-
cured gravity and they {uund the induead gravity with confermal coaplings
requires the sonferrnal invarnance in Loth classical and quantwm levele for

runEstancy.
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2 Mathematical Background

2.1 TIntroduction

It ix well knuwn that physical theorics nse the language of rnathermatics
Fur their forranlation. Howewver, as mathetnasics and physics nave become
sncrensiagly specialized vver the last soveral decades, o foremidable languages
Larrier has grown np belwosn the 1wo, Ik ix hns rernarkalle that sovesal
recent developients 1 theoretiral physics hove made use of the 1deas and
restlts of modern maithematics. In this rhapte: we give varjuus mathematical
idvas, methods and wesnlts in differential and Riemannion geometry which
are resential fur o work in gauge thoories.

[r sectiun 2.2, we review LnicHy the basic cuncepts and defniticms In
differential and Riemannian seuraclry, fn section 5.1, we disruss in details
e jdes of Ahber Lundles sinee ihe Lundle formansm ronveys an imtnitive
poumelyic meaning contined in notions like that of a copnection on the
Lundle space ur that of cvrvaliee. These voncephs DUS, in fact, muove clear Lo
undersland fhaa Lhose appuaring in n Lagrangian theuly and are the natural
fropmework in which ro disciiss gauge theories. Conmection m principle Fber
Lundle s presented in section 3 4. A Lief introdietion b characteristic
clagses and homelopy caeses 18 siven in sertivn 2.5

Indeed, there are several references [20] [59] cuntainmg the ppulicaticns
o these differentiz] geometric cuneRphs 1N gauge theories.

2.2 Manifolds and differential forms

In this section. we (eview Lriefly rhe lusic concepts of differenfial geoni-
ey, differentiable rnapifulds and differential forms [471,[76].

Definition 2.2.1 -
Tet Af be a connected topological space. A chart {T7,3)1s a pair consisting
of an wpen sot. [7 Z A and 2 horneuinerphism

l:j::l ' r.'_ — -'.j].:[.T]
wheve B 7} is an upen subset o I . A s o topulugieal manifoled if M admits

a Laomily

uf charts sneh that



cuvers 1. This family of chavls s said fe be an atlas For Af.
I (7, ) and (1. O ] are lwo charts and

r'rr'_l' =17 ﬂr..'j "i i

shen
By = Bk s B - B(T)

ie 4 Lomevmorphism, The maps @, are called sramsition functions. If the
Q. are LP-diffeumurphisms (i.e. ¥y and @:J.-j ave of vlags CF , 0 < p< o |,
then A §s ralled & differenzinl manifold of rlass A ditferentiable marifold
1n of elass O (Le. the iy ore differentiable]. The dimension of M denvted
I dinn{AfY is the dimensiun of M,
Pefinition 2.2.2

The langent space T3, (M) at the poict p € A i bhe vecter space spanned
Ly the tangents at p to all rurves passing throagh pin the manifold. T,(AS)
has an f-dimensiunal vector space at each point pe M.
- Definition 2.2.3

The cotangent space 'J;{:.’L'J’] of a marifuld at p € M s defincd 2e
the dial vertur spare to the tangend space T(M) A dual verlor space 1s
defined as {ullews
(ven an #—dimensiomal vector space V with basis &, ,i= 1.2, {he
Lasis # of the dual space ¥* is determined by the inner pruduct

B T

If f; ate the natwal basis. Le

fur TO(Af} we wriite the Lasis vectors To(M) asthe differentials # = dr*.
Thus the nmer product 12 given by

pd o T
— . (et =

<
f..;l.-l.,;

Moo, cunsider the vectur lield

}f=}{i

i



