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Preface

The notion of a fuzay scf, mlraduced by Lotli A. Zadel ([65]) in 965, has caused
great intersst among both pure and applied mathematicaas. B bas also raised
enthusiasm among sume sngineers, bologists, phyeholagisis, econamists. and experts
in other areas, who usge {or at lcast try to use) mathematical jdeas and melheds in
thzir research. By this notion of fuzzy set 1t i possible Lo oblain a more distinctive
description of some phencmena than the one which is offered by systerns based
on classical two-valued logic and classical set theory, Tn the heey sel theory there
appear linguistic expressions such as “a person is tall™. In the crisp point of view ane
may say that a person is tall ;f his height is greater than 185 em whereas in the fusgy
point of view this property can be determined by a functien o0 a scale of cenlimelres
with values in the closed veal unit inwerval [0, 1], There are many realized wechnical
applications «lmm.jg the practical usetulness of fuzzy theory. The first applicalions
of fuzzy theory appear in the late seventies, They were primarily incustrial such
as process control for cement kilns, In 1987 o Sendai, Japan a fuzay condrulled
sibway syslem started operation. Beginning with that time, Tuzey contro! is more
and more teclnically applied. In particular, a let of consamer products, made in
Japan, is based on fuzzy technology. Examples arc the fallowing, fuzzy washing
machineg, fugzy air conditioner avd {uzzy vacuumn cleaner. Moreover, Tuzzy contrel s
wsedd in cameorders, Lelevision sels, cameras (eliminaling jumping of pictures), cars
(electronic Mgl injection controls, autematic cruise contral system), and so on.

General Lopology was one of the first branches of pure mathematics to which
“fuzzy sets have been applied. [t wes i 13GH, thal is, throe years aller Zacde’s papHr
had appeared, that Chang (6]} introduced the notion of fuzzy tepology. Several
other authors continied the Investigation of suck spaces such as Eklund and Géhler
(:11]), CGahler {{21, 24]), Ceping end Lanfang ([31]), Gognen ([33]), Katsaras and
Fetalas ([12]), Kerre and Otrov {|44]) and Lowen (|47, 48, 49, 30, 51, 52, 53]). In
Goguen's paper {[33]) be constdered as values of 1he fuzey sels ool only clerenis of
the closed unit jnferval but elernents of some more general latrice L. The notion of
stratificd fuzzy topology has been introduced by Lowen {(51]). By a fuzzy lopology
i be stratified is miean that all constan, My sels ae open, Lowoen defined also
ihe notlen of induced fuzzy topalogy of an erdinary topology as a special stratified
fuzzy topology., Acceptable notions of ey proximity were given by Actico and
Moresco {[2, 3]) and by Katsaras ([4)]). Some defizitions of fuzey uniform sbructure
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were given. We are interested here on the nolions of fozzy wmilonn structores given
by Hutton {[15]} and Katsaras ([35]].

Many attempis to find a mified theory of fiemy topologics, Nuay prosindties
and fuzzy uniformities have heen dones One of these allompls was givan by Tal-
saras and Petalas in [11, 12]. They introduced wnd investigaded the notions of fugzy
syntopogenous and of [nzzy topogenous structures. Bouh tliese notions are defined
analogously as the related classical nolions of syntopegencus and of lopogenous
structures given by Csaszar ([T]), that is, as & faily of Dissy topotenous orders.
A Tuzzy topogencus order on a sev X iy o special binary relavion on the sof of all
[uzzy subsets of X, Az has been shown in [11], fuzzy topologies and fuszy proxim-
ities in sense of Katsavas ([40]) are speciad fuxzy topogenous structures, and fuzsy
uniformitics in sefise of Hutton ([35]) can be characterized by fuzzy syntopogenous
slructures.

The notion of homogersous fuzay [iller has been introduced by Lklund and
Géhler {{12]), the geaeral notion of fuzzy filter has buen given by Gibler ([24]). By
tmeatis of these notions a point-hased aparcach do fuzzy topology related to usual
pnils has been developed.

I this thesis a new altempt to introduce o naified theory of fusey opologies,
fuzzy proximities and fnzzy uniformities is done, We present in this thesis a theory of
a new and generzl notion of fuzzy neighborhood structure, We distinguish letweoen
two types of [uszy neighborhood sirucinres, In some sense, the first by e bs e
genera. than the second ane and iz called simply a fuzzy neighborhiosd sraciure,
A fuzzy neighborhood struclure on a sct X in this sense is defined as a wapping
of 1hé set of all fuzzy filters on X iuto this sel. A sel X equipped with a fuzzy
neighborhood slruclure on X s ralled a fuzzy neighlorhosd space. By restrict-
ing Lo homogereous fuzzy filers we delive Lhe second type of fuzzy netphborhood
struciure, called hemogeneous fuzzy neighborkood siructure. Stratificd Duzzy neigh-
burhood stroctures are defined and are characterized as those fuzzy nerghborhood
structurcs of the first type which have domain-range restrictions to homogencous
fuzzy neignborhond structures. Fursy topologies aud stratified fuzzy tepalogies are
speclal fuazy neighborbood structures of the first and second \ype, respectively.
The relalions botween these types of fuzzy neighborhaod structures and their asso
ciated fuzzy topulogies are investigated. It could be shown Lhat all initiad and final
fuzzy neighborhood structures exist. [Fuzzy topozenous structures, aml v particu-
lar fuzzy proximilies, appear as special fuzzy neighborbood slruciures of the fiest
Lype. Stratified fuzzy topogenous struclures are introduced and investigated. For
fuzzy neighbarhood structures and also for fuzzy topogenens strucinres and with
that for furzy proximitics related notions of stratiicalions are considersd. esides,
a new notion of fuzzy uniform structere is presented and investlzated. This notion
is defined analagousiy fo A, Weil's definition of o uniform structere as some Mssy
fitter on the cartesiar product X = X ol the undertying set X with itaclf. T is shawn
that each fuzzy uaiform structure in 1l sense has ao associated homogeneous [uzzy
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neighborbood structure.

Note that R. Lowen defined in [52] & nolion of {uzzy neighborhood space using
only prefilters. As & consequence, fuzzy neighborhood spaces in his serse are, np
to dentifications, only spadial fuzzy tupulogical spaces (ef, the charactarizations i

561).

The thesis cousists of three chapters and is organized as lollows:

Lach chapter begins with an intreduction, in which are given some inforimnalions,
ideas and malivations on the contents of this chapter,

- Chapter 1 15 the basic chapter of the thesis which cortains the definition of
the fuzzy neighborhinod structure and its modificalion oltained by restaicling o
homogeneous fuzzy filiers. In this chapter it is shown that, up to an identification,
the categary FNSy, of hnrnogenauus Zuzzy neighborhood spaces is a full and bicore-
flective subfategory of the category FNS of fuzzy nelghborhood spaces. It s also
shown fhat the [all category FTOP of fuzzy topological spaces is a full and bicore-
flective subcategory of FNS and that the subcategory of FTOP of 2l stratified Mgy
lopological spaces is a full and bicoreflective subeategory of FMS,. Tn Secting 1.2,
we recall some of the definitions and results aboul fuzzsy lillers neccing t.hm.lgh-:rut
the thesis, Section 1.8 deals with the descriplion of the first type of the fuzey
neighborhouwd structure. The case of fuszy topology is considered aind it is shown
that any fuzzy topology is, up lo an identification, a special fuuzy neighborhood
structure of the first type. Section 1.4 i35 devoled to the homogeneous the fuzzy
neighborhood struclure, The fuzcy topology associated o a hotwogeneous fuzzy -
neighborhoad siructure is defined analogously as the fuzzy topology associated to a
fuzzy neighaborheod structure in tlhe general sense. 1a this seclion also the stratified
fuzzy neighborhood struciures are defined. Moreover, the relations boetween tae first
type and the sccond type of fuzzy neighborhood structures are investigated. In case
of a luzey topology, considered as a special fuezy neighborbood structure, straified
in sense of fuzgy neighborlicod sinclure coincides with “he properly of this fuzey
Lopology to be stratified in the nsual sense. In Seclion 1.5, it is shown that lor any
isotone mapping i FL X — Fr X which has all nropertics of 4 fuzzy neighborhood
structure may be with except of (N2) by a “basic construclion” the greatest fuzazy
neighborhood structure less than or equal to & is constructed. Applying this ba-
sic construction, the siratification of a fuzzy neighborhood structure &, that is, the
coarscst stratificd (zzy neighborhood structure finer than £, & Sulroduced, 1n this
section also it 1s shown that the full subicalegory of FNS of 21l siratified fuzey ncigh-
borhomd spaces 15 a bicoredlestive subcalegory of FN3. [n Section 1.6 we show,
using the “basic construction™, thal in the category FMS 2l] inilial and final lifts ox-
ists, that is, FN5 is & topological category. Hence FNS is complete and cocomplete,
Ay a consequence, for instance, all produc-s and swos of Tazey neighborlvod spaces
exist.
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Noting thal some of the resnlls in Chapler 1 are snbmidded for publication i

[27] and the most of results in this chapier are accepted lor publication in (28],

In Chapter 2 we study fuzzay topogenous orders, in parlicnlar, huezy Lopogenous
slructures and the moce special fuzzy proximities in sense Katsaras (40 ) Tn this
coapler also o modification of the notion of foeay proximny i congidened, called
Suzzy prozimidy of the inlernal fype. In Section 2.2 we show that fuzey topogenous
stricturcs arc, up booan identification, special fuzay ncighberhoad struciures. More
generally, we show thai fizzy topoegenons orders can be characterized by the notion
of fuzzy neighborhood prastructure whicy w a weakenming of Cvat of {uezy neighbor.
hood stoucture. [t is shown that up to our identificabivns the category FTS of (owey
fopogennns soaces 15 a (ull subcategory of the category FNS of fuzzy neighborhool
spaces. In Sections 2.3 and 2.4, the notions of perfect aud biperfect luzay lopoge-
nous orders are studied, Morcover, fuzsy relations are conzidered and it s shown
that special and mpartant type of biperfeas Tozry lopogenous orders can bechar-
avterizeld by fuzey relatious. ke Section 2.5, stralified Tuzsy tosogenous orders and
struciures are defined. I is shown that for cach siratiled [esy topogenons strue-
ture the characterizing fuzzy neighborhoed stroclore 5 also stratifed. Here also
for fuzzy topogeneis structinre the related notion of stratification 1s imtroduced and
some results related to the stratification of 1be charactenzing [uzay neighboraond
slructures are obtaived. Section 2.6 is devoled to initial and linal fszy Lopogenous
orders. In Section 2.7, we study fuzzy proximities. The property of symimetry of 4
fuzzy proximity depends on a fixed order-reversing invelntion of the given lattice L.
I this section a noticn of symmetry of Py neighborhood structure is introduecd
which ig defined ndependently on a fixed order-reversing mveluiion of L. In special-
izing to fusxy topogerous structures Jor these struclures a new nolion of symmetry
ig introduced called internal spmmeiry. The internally svrmelric fuzzy Lopogonous
structures give & new nolion of Tuszy proximity, called fuzzy proximily of the inter-
nal type. It 1s shown that a fuzzy topogenous structure s & fuesy proximily of rhe
internzl type if and ondy (i the ascociated fuzzy neishiborhood strasture is syinmest-
ric. In Section 2.8, the notion of stratified fuzzy proxiinity and the related notion
of stratibication are considered. Using Lhis siraliicalion of fuzay proximities usnal
proximities can be coubendded canonically e the Juzsy case.

Lel us here mention thal some of the results in Chapier 2 are submitted for
publication in [27] and the most of results i this chapter are submittaed Tor
publication in [29, '

Chapter 3 is devoted to o new notion of fuzzy anilorm structurs. In Section
3.2, we sludy special fuzzy filters; called reletional fuzzy fillers and wop-juzzy fi-
ters. Lxamples of sup-fuzzy filkers are the homugencous fuzzy [lers and the fuzey
filters which only have 0 and 1 ax values, called 0, 1-Tuzzy filiers. In Section 3.3,
by means of the relational Tuzay flters, sup-Tuzay Gliers, 0, 1-foszy Gllers and he-
mogencous frzezy filters we define the fuzey uniform strocinres, sup-fuxey uniform



